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Aqueous Humor Flow in the Posterior Chamber of the Eye in the Cases of

Iridotomy and Implanted Hole-ICL

by Mariia Dvoriashyna

The present work describes a mathematical model of the aqueous flow in the poste-
rior chamber of the eye in a presence of iridotomy (i.e. a hole in the iris created with a
surgery and aimed at reducing the intraocular pressure) and implanted artificial intraoc-
ular lens (Hole-ICL). A first goal of the model is to predict the pressure distribution in
the posterior chamber with an iridotomy and find a dependence of the flux through the
iridotomy on the size and location of the hole. Since the fluid domain is long and thin,
we use the lubrication theory to simplify the Navier-Stokes equations. We assume that
the flux through the holes is proportional to the pressure drop and model the iridotomy
holes as point sinks. To this end, we work in terms of a suitably regularised pressure.
The semi-analytical solution for the pressure and velocity is obtained for realistic shapes
of the posterior chamber, which are inferred from ultrasound scan images. The results
allow us to predict the ideal size of the iridotomy that is sufficient to keep the pres-
sure within safe limits and also avoid large velocities to be generated. A second aim
of the work is to study how the fluid flow changes after implantation of a Hole-ICL
intraocular lens. This is an artificial lens that it is implanted in the posterior cham-
ber and has a hole in its body to allow fluid passage. Our simulations show that, for
the size of the hole that is employed in commercially available lenses, most of the fluid

flow takes place through the hole in the lens and very little through the ICL-iris channel.
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Chapter 1

Introduction

1.1 The aqueous humour

The aqueous humour is a transparent
fluid with mechanical properties similar to
those of water, and containing proteins in
small concentration. It occupies the an-
terior and posterior chambers of the eye,
the spaces between the lens and the cornea
(fig. 1.1). The aqueous humour is pro-
duced at a constant rate in correspon-
dence of the ciliary muscle, the structure
supporting the lens, it flows in the pos-
terior chamber, passes through the pupil
into the anterior chamber and is finally
drained in correspondence of the trabec-
ular meshwork. The aqueous humor flow
has many physiological functions, among

which the most important are:
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FIGURE 1.1: Sketch of a vertical cross-section
of the eye.

e maintaining the intraocular pressure (pressure within the eye) and inflating the

globe of the eye;

e providing nutrition to the avascular tissues of the cornea and lens (e.g. amino acids

and glucose);



e transporting ascorbate in the anterior segment to act as an antioxidant agent.

1.1.1 Mechanisms that drive the aqueous flow

The main mechanisms that generate flow of the aqueous humor are:

e production at the ciliary processes and drainage at the trabecular meshwork;
e miosis, i.e. contraction of the pupil;

e temperature differences between the anterior and the posterior regions of the an-
terior chamber. This temperature gradient produces a thermal flow, i.e. a flow

induced by buoyancy effects;

e motion induced by saccades (quick movements) of the eye.

A relatively large number of studies have been published in this field. Below, some of the
main contributions concerning the fluid mechanics of the aqueous are recalled and briefly
described. Heys et al. [2] studied fluid flow production and drainage assuming that iris is
an elastic solid. Canning et al. [3] used lubrication theory to find analytical solutions for
the natural convection in the anterior chamber. Modarreszadeh et al. [4] and Abouali
et al. [5] investigated the effects of eye rotations on the flow of aqueous numerically.
Silver [6] considered the aqueous flow in the iris-lens channel. A comprehensive and
relatively up to date review of the fluid mechanics of the eye and, in particular, of aqueous
flow is given in Siggers and Ethier (2012, [7]). In the present work we investigated the
flow of aqueous humor in the posterior chamber, in particular the flow due to aqueous

humor production and due to miosis.

1.2 Glaucoma

Glaucoma is a condition characterised by progressive death of retinal ganglion cells. It
is very often associated with an increased intraocular pressure. This can happen either
through an increased production or an increased resistance to aqueous humour outflow.
Increased resistance to outflow of aqueous humour may occur due to an abnormal tra-
becular meshwork or to obliteration of the meshwork due to injury or disease of the iris.

There are two main kinds of glaucoma: open-angle and closed-angle. In open/wide-angle



glaucoma, resistance growth in the trabecular meshwork due to degeneration and ob-
struction of the meshwork, whose original function is to drain the aqueous humor. This
leads to a chronic, painless buildup of the pressure in the eye. In close/narrow-angle,
the iridocorneal (between cornea and iris) angle is completely closed owing to a forward
displacement of the iris against the cornea, which is tipically caused by pupillary block.
This results in the inability of the aqueous fluid to flow from the posterior to the ante-
rior chamber and then out of the trabecular meshwork. This accumulation of aqueous
humor causes an acute increase of pressure and pain. For this case immediate surgical
treatment is necessary. There is a common procedure for it, which is called iridotomy.
It consists in producing a hole in the iris, thus reducing the resistance to flow from the
posterior to the anterior chamber. The procedure is usually done with laser, and the
hole is placed in the iris under the upper eyelid at the 12-o’clock position (or at 3- or
9-o’clock positions depending on surgeon preference). The typical size of the iridotomy,

according to Silver et al. [6], is 100pum in diameter.

In chapter 3 of this thesis a theoretical model of aqueous flow in the posterior chamber in
the presence of iridotomy is described. For the current work we used lubrication theory
for simplifying the equations, which is applicable since the posterior chamber is long
and thin. The reason for choosing the theoretical model rather than numerical one is
that the channel between iris and the lens in very thin (~ 7um) and it causes the error
in numerical models in terms of flux conservation. To our best knowledge this is the
first mathematical study of the flow in the posterior chamber and also the first study

concerning the role of iridotomy.

The aim of the present work is to investigate the influence of the iridotomy on the
aqueous flow in the posterior chamber of the eye. We want to look for the dependence
between the outflow from the iridotomy and the size of the hole, to find the pressure

drop and velocity distribution in the posterior chamber.

1.3 Intraocular lenses

Phakic intraocular lenses (pIOLs) are artificial lenses that are implanted in the eye
without removing or altering the natural crystalline lens. Surgical interventions for
refractive error correction have become a viable alternative to the wearing of spectacles
and contact lenses. The most commonly adopted option is laser surgical remodeling of
the cornea; however, eyes with insufficient corneal thickness or very high refraction errors

are unsuitable for this surgery, but may be treated by the implantation of an artificial



intraocular lens. There are three main types: sulcus-supported lenses are placed in the
posterior chamber, while angle-supported lenses and iris-fixated lenses are placed in the
anterior chamber. Although there are many advantages of Phakic IOLs, they might
be also associated with some possible complications, which, according to Kwitko and
Stolz [8] include loss of endothelial cells from the cornea, cataract formation, secondary
glaucoma, iris atrophy, and dislocation. Many works are devoted studying these kind of
lenses and their effect on the fluid flow in human eye. Baumeister et al. [9] evaluated
the distance between the phakic IOL and the crystalline lens and the cornea as well as
rotation around the optical axis for all three types of pIOLs. Kohnen et al. [10] overwied
possible complications due to the pIOL implantation. Repetto et al. [11] studied the
fluid flow in the anterior chamber in the presence of iris-fixated lens using numerical
techniques. Kawamorita [1] performed numerical simulations considering the aqueous
circulation with the sulcus-supported lenses in the posterior chamber. In the present
work we will focus in the special type of posterior chamber phakic intraocular lenses

Hole-ICL.

1.3.1 Hole-ICL

Posterior chamber (PC) phakic intraocular lenses (pIOLs) have many advantages for
the treatment of refractive error. The toric implantable collamer lens (ICL) has been
observed to be effective for the correction of miopia [12], [13]. However, cataract devel-
opment has been noted after PC pIOL implantation by Chen et al. [14]. Authors made a
systematic literature overview to determine the case of cataracts after the implantation
of pIOL, and to identify the possible factors for cataract formation. They reported the
incidence of the formation of cataract to be 9.6%, and the study of cataract progres-
sion in eyes with pre-existing cataracts presented a progression rate of 29.5% after pIOL
surgery. The cause of secondary cataracts may be a change in the aqueous humor flow
around the crystalline lens. Therefore, a centrally perforated ICL (i.e., the Hole-ICL)

was created to improve aqueous humour circulation (see figure 1.2). The improvement

FIGURE 1.2: On the left - toric ICL, centrally perforated ICL on the right ([1])

of aqueous flow in porcine eyes was observed by Fujisawa [15], who concluded that the



Hole-ICL allowed sufficient flow of aqueous humor around the anterior surface of natural
crystalline lens. However, the circulation of aqueous humour in a porcine eye would be
different from that in a human eye. In 2012 Kawamorita et al. [1] studied the fluid
dynamics of aqueous humor with implanted Hole-ICL using computational fluid dynam-
ics. In the present work (Chapter 4) we develop preliminary theoretical model using
lubrication theory of aqueous flow in the posterior chamber of the eye. Although it the
model is very simplified, there are some useful conclusions which we can obtain from the
it. The aim is to determine the pressure drop and the velocity profile of aqueous humor
in the posterior chamber of the eye with the Hole-ICL. The model allows us to vary
geometrical parameters easily and to impose small values for iris-lens channel without

loss of precision, which gives us an advantage over the numerical models.

Before the introduction of a hole in the body of ICL lenses their implantation was
invariably accompanied by a laser iridotomy. This was done to provide an alternative
path for the aqueous to flow from the posterior to the anterior chamber. With the
introduction of Hole-ICL iridotomy is no more considered necessary. However, we test
in Chapter 5 of this thesis the effect of an iridotomy in the case in which a Hole-ICL is

implanted in the eye in order to check the changes in aqueous flow due to the iridotomy.



Chapter 2

Mathematical prerequisites

2.1 Lubrication Theory and simplification of the Navier-

Sokes equations

Lubrication theory is a technique for simplifying the Navier-Srokes equations and ob-

taining an approximate solution of them. It applies to cases in which the domain is long

and thin. We consider the posterior chamber to be an axisymmetric domain. The axis

z passes through the center of the pupil. Let us consider the Navier-Stokes equations in

cylindrical coordinates (r, 6, z):
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Radius of the pupil Tp 2.5 mm
Radius of the ciliary body Tpe 6.3 mm
Height of the chamber on the outer boundary | hg 0.727 mm
Height of the iris-lens channel hi 7 pm
Flux produced by ciliary body F 3 pl/min
Dynamic viscosity of aqueous humor w | 0.75 g/m/s

TABLE 2.1: Geometrical values and fluid properties

ot " “ar T e T e T

10p 10/ Ou, 1 0%u, O%u,
—ca.t V(r(%(rar) e T a2> (2.1.4)

where u = (u,, ug, u,) is the velocity vector and p is the pressure. Moreover, p denotes
fluid density and v fluid viscosity. We denote with r, is the radius of the pupil and
with rp. the distance from the centre of the pupil to the outer boundary of the posterior
chamber (see figure 2.1). Thus, in the radial direction the domain extends from r,
to rpe (rp < r < 1pc). The height of the posterior chamber is a decreasing function
h(r) (from now on the height of the domain is given by the function obtained from
the realistic geometry, the details can be found in § 3.3). Let L = rp. —rp, =~ 4.8
mm be the radial length of the domain. We define the average height of the domain
he =1 h(r)dr ~ 0.44 mm. Let us introduce the ratio € = h,/L = 0.092 << 1.

Thus, we can state that the domain is long and thin and we can apply lubrication theory.

rp<r<Tpc

We assume that changes in the r and 6 velocity components u, and ugy are of order of
U, thus |Au,| ~ |Aug| ~ U. Then, derivatives of the velocities with respect to the r and
6 directions can be estimated as |%] ~ E%‘ ~ U/L. From the continuity equation
(2.1.1) we obtain the order of |%\ ~ U/L, hence |Au,| ~ hoU/L. In the next section
we will rescale and simplify the Navier-Stokes equations (2.1.1)-(2.1.4) using lubrication

theory.

2.2  Scaling
Let us consider U to be a characteristic scale for the velocity. We will discuss in the
following how U is defined, depending on the case under consideration.

Let us introduce the following scales:

r = Lr*, z = hq2", h(r) = h*(r*)hg, ur = Uuy, ug = Uup, u, = Ugauj. The scale for
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FIGURE 2.1: Sketch of the vertical cross-section of the domain

the pressure p = p* L]fQU
a

viscous terms.

2.2.1 Flow due to aqueous production

is obtained by balancing the pressure derivative with the leading

The flow due to the aqueous production is steady, thus we can drop the term with

the time derivative from the equations. Let us scale the velocity through the incoming

flux produced by ciliary body, which is known to be approximately constant (see 2.1),

U = F/27mrpchg. With the above scales we obtain the following dimensionless equations:
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where Re = UL /v is the Reynolds number. The dimensionless number € Re is normally
refered to in lubrication theory as reduced Reynolds number. With the chosen param-
eters we can estimate € = 0.092, €2 = 0.008, €2Re = 9.35 - 107°. These dimensionless
numbers are small with respect to 1, thus we can neglect the terms of order ¢, €2, €2Re

and obtain the following simplified equations:

10(rtuy) 1 0upy  Oul

r*  Or* ™ 00 ' 0z 0 (2.2:5)
g?ﬁ - gf: (2.2.6)
2, % *

vy Lo e
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2.2.2 Flow due to the miosis

For the case of miosis we will scale the velocity U as L/T, where T' = 1s (Repetto et
al. [11]) is the time of the contraction and scale time ¢ = Tt*. With this scaling the
equation (2.1.1) will become the same as (2.2.1) and the equations (2.1.2)-(2.1.4) will
become duplicated (2.2.2)-(2.2.4) with the additional term corresponding to the time
derivative 62R6%. For this scenario the reduced Reynolds number is €2 Re = 0.25. It is
much bigger than in the previous case, however, it is still relatively small with respect
to 1. Thus, as a first approach to the problem we still neglect the terms of the orders
€,€2,e2Re to obtain the same simplified system, as (2.2.5)-(2.2.8). This justifies the

quasi-steady approach which we will use to model the flow with miosis.

2.2.3 The equation for the pressure

Due to the equations obtained above, miosis can be modeled with the quasi-steady
approach. Thus, we will model the iris motion by imposing the velocity distribution on
the upper boundary of the domain but keeping the domain fixed. For convenience, we

will describe here the equations that govern the flow due to the aqueous production as
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a particular case of the flow due to miosis, in which the velocity at the boundary (the

iris) is set equal to zero.

We assume that we have an axisymmetric motion of the iris, which we describe by
imposing the velocity v = (v,(r),0,v,(r)). From the equation (2.2.8) we conclude that
p does not depend on z. Thus, we can integrate the equations (2.2.6) and (2.2.7) with
respect to z, applying no-slip boundary condition at z = 0 and the imposed velocity v
at z = h(r). We get the following equation for the velocity:

*

1
= oV (R - 2) + Z—z (2.2.9)

In the equation the continuity equation (2.2.9) the pressure is still unknown. To deter-
mine it we integrate the continuity equation (2.2.5) with respect to z and using no-slip
boundary condition at z = 0 and the velocity v at z = h(r), we obtain the following

equation for the pressure:
h* /
V* - (W3V*p*) = ?V* vh =l RS 4l (2.2.10)

In the dimensional form this equation will become:

1 h
@V-(hSVp) = §V-v—vr-h'+vz. (2.2.11)
The boundary condition on the outer boundary of the posterior chamber is given by
the flux F produced by ciliary body. We compute q = foh(r) udz = —%Vp + %
Therefore,

3 92 h3 .
F= y{ q-(—r)dl = 7{ 7 op Evrdl _ 2 Op ThUpTpe  ON T = Tpe.
r=rpe re=rpe 1214 or 2 12 Or

(2.2.12)
The second boundary condition is the imposed pressure at the pupil, which we put to

be equal to the reference value 0:

p=0 at r = 1. (2.2.13)

Thus, using the lubrication theory we simplified the Navier-Stokes equations to the

equation for the pressure (2.2.11) subject to the boundary conditions (2.2.12)-(2.2.13).



Chapter 3

Model of iridotomy

3.1 Assumptions and Model

Let us start with the description of the mathematical model of the iridotomy.

3.1.1 Assumptions

e Geometry of iridotomy: Where convenient we assume that the iridotomy di-
ameter is small enough, so that the iridotomy can be modelled as a point hole

through the iris.

e Geometry of the posterior chamber: We assume the posterior chamber has an
axisymmetric height h(r). The shape of the domain is taken from medical images,

as described in §3.3.1.

e Thermal effects: We ignore thermal variations within the posterior chamber, as
these are likely to be much smaller than those in the anterior chamber (in which

thermal gradients drive the majority of the flow).

e Fluid mechanics: We treat the aqueous humour as an incompressible Newtonian
fluid, which is a good approximation. We also neglect gravity (since it would only
make a difference in the case of buoyant effects due to thermal differences). This
means that the pressure has to be understood as the departure from the hydrostatic
pressure distribution. Since the height of the posterior chamber is much less than
that of the anterior chamber we assume that lubrication theory applies. This is

also a good approximation.

11
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e Anterior chamber: We assume the pressure in the anterior chamber is constant
and set it equal to the reference value zero. Thus the pressures given in this section

are relative to the (assumed constant) pressure in the anterior chamber.

e Flow through the hole: We use Dagan formula (based on [16]), which states that
the volumetric flow of an incompressible Newtonian fluid through a circular hole
in a flat membrane for low-Reynolds-number flows equals a*7rAp/(8Su + 3amp),
where a is the hole radius, S is the thickness of the surface, Ap is the pressure

difference between points on either side of the hole and p is the shear viscosity of

the fluid.

3.1.2 Mathematical model

We consider a model of the posterior chamber with small holes representing iridotomies.
Since the posterior chamber is long and thin, we apply lubrication theory and using the
analysis in § 2.2.3 obtain the equation ﬁv (h3Vp) = %V vy — vy - b/ 4+ v, for the flow
in the posterior chamber. We assume there are IVj, small holes, with the ¢th hole having
polar coordinates (d;, ¢;), radius a; and a flux @; coming out of it. By the results of

§ 2.2 the velocity profile can be written as

VpZ

h

1
u-—ﬂVp cz(h—z)+

from which we obtain the depth integrated velocity as

hir) h? hv
_ de — hvr
1 /0 uds=—g5 VP 5

The volumetric flux through the hole ¢ is given by

h3 dp  ho,
i = (—1y)dl = _—— = dl, 1.1
Q ﬁzaiq () 74: S (3.1.1)

where r; is the distance from the ith hole. Assuming that h is constant and equal to
h; and v, is a constant around the border of the ith hole it follows that dp/dr; needs
to have an average value of 6uQ;/(wa;h3) around this border. By assuming the holes
have zero size, we can solve on the simple geometry r, < r < ry,., where r, is the
pupil diameter and 7. is the posterior chamber diameter. However, this approximation
requires dp/0r; to tend to infinity at the hole. We define function f = 6“—% In <ﬁ> such

ﬂ‘hi a;

that, 0 f /Or; = 6uQ;/(ra;h3). In this way f satisfies the flux requirement, therefore, we
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subtract it from the pressure to regularise it. Hence we define a regularised pressure

6uQ; , T
Preg =P — Z ﬂh; o (3.1.2)

If we assume Dagan’s formula applies then Q; = a}mAp;/(8Su + 3a;wu), where Ap;
is the pressure drop across the hole, and, assuming a uniform pressure in the anterior

chamber, that we take to be the reference pressure of zero,

Np
6pQ;  dij
Api = pregl; + Z s 1na—j, (3.1.3)
J=L,i#j J
and therefore,
4 Nr 4

Ta; 6a; Q; dij
;= e S , e —— In—%, 3.14
@ 8Su + 3mpa; Pregl; +J ;7&] h3 (85 + 3may) " a; ( )

where d;; is the distance between holes 7 and j. This can conveniently be written in a
matrix notation as MQ = b, where Q is the vector of volumetric fluxes, M is a matrix

of geometrical factors given by

1 if ¢ =7
Mij=9q et | a4 vy (3.1.5)
h?(85+37ra¢) a; )
n

and b is the vector given by b; = preg]i. We therefore have the governing

8Su+3mua;
equation, written in terms of preg:

2rh3

i=1 i

n Q T h
3 _ i 3 i / _
o —V. (h Vp,eg)——g V~<h Vlnai>+2V~vT—vr~h+vz—

Np,
Qi on? h /
_Z 2l 1, + = V v — vy - B+ v, (3.1.6)
The boundary condition on the outer boundary of the posterior chamber is given by the
flux F' produced by ciliary body (2.2.12) and the condition at the pupil is given by an
imposed pressure (2.2.13)
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Therefore, we can rewrite the set of equations in terms of regularized pressure:

N, 5
6uQ; Oh h
v - (h?’Vp,eg) = _ E 77/:33 o + 12#(5‘7 vy — v - B+ UZ> (3.1.7)

i=1

subject to the boundary conditions:

Np

4 4
M" 6a; Q; dij o
= .+ 1 t th ti,i=1,..,Np,
= 8t Srmpua, Vel j:;# R3(8S + 3ma;)  a; at the point , ¢ h
(3.1.8)
Np,
0 6uF 6uY 6 - Ors N
g:g = mf:c e + ZQT — Z Wﬁfﬁ; 877"2 flux boundary condition at r = 7.,
1
(3.1.9)
Ny,
6pQi i '
Dreg = — 21: Wh?l In a—z at the pupil r = ry,
(3.1.10)

with the unknowns preg and Q;,7 =1, ..., Nj,.

The relationship between the components of relative coordinate systems (r;, 6;) with the
initial point in the hole (d;, ¢;), and the coordinate system with the initial point at the
center of the pupil (r, ) are given by:

= \/r2 + d? — 2d;1r cos(0 — ¢;), 0, — ¢; = tan—! <rcgss(1g(_9 ;Z;ﬁz_) di) (3.1.11)

T sin(&i — ¢z)
d; + r;cos(6; — ;)

r=\/r?+d?+ 2d;r; cos(6; — ¢;), 0 — ¢; = tan™* ( > (3.1.12)

Thus we obtained mathematical model of the iridotomy.

3.2 Solutions

We will introduce two different methods for solving the equation that have been used in
case of one hole and in case of multiple holes respectively. Both methods are based on

the finite difference scheme.
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3.2.1 Case of one hole

In the case of just one hole, we can rewrite the equation (3.1.7),

6MQho|e ah?) h
V- (h3Vpreg) = — 12u( =V v, — v - B 40, 3.2.1
( b g) 7T’I”h0|eh‘;’0|e aTho|e * 'U(Q v v Tt ) ( )

where hpole is the posterior chamber height at the hole and 7o) is the distance from the

hole, subject to

7'('61,{’L

Qhole = m preg’hde
8preg N 12pF 6oy 120Qhole OThole

at the hole, (3.2.2)

= — flux bound diti tr=
B CE— 2 Skt Or ux boundary condition at r = 7,
(3.2.3)
12
Dreg = HGhole In [hole at the pupil, (3.2.4)

27rhﬁo|e Ghole

These equations should be solved for the unknowns preg and Qpole. Assuming without
loss of generality that the hole is on the positive z-axis at a distance dpele from the centre

of the pupil, then we have the following relationships (3.1.11) - (3.1.12):

5 - L rsin 6
Thole = \/ 7% + di . — 2dholeT cOS O, Ohole = tan —
hole hole hole hole (r cos 0 — dhole

Thole sin Hhole

hole

= 1\/TEgie T diote + 2dnoleThole COS Ohole, 6 = tan ! (

) . (3.2.5)

where 6 is the azimuthal angle and 6o is the azimuthal angle from the hole, and

dhole + Thole COS ghole

therefore
Orpole 7 — dpole cOs 0

or Thole

Let us solve the system using finite difference method. Consider the domain in the polar
coordinates D = {rp <r< rpc}. On D let us introduce the uniform partition in 6 and

non uniform in 7:

w=A{(ri,0;) €D, ri =ri_1+5i—1, 0 =0;_1+ 59, 70 =1p,Tn, = Tpe, 6o =0,6p, =27}
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In order to define the step s, we put the shape of the grid to be squares, such that

s; = 1;89. Then, the average step § we will define as

50 if i =0,
(1) = ¢ 3(si +si-1) if1<i<n,—1,
%snr_l if i = n,.

Let us introduce the grid function p(i):

rp + 150 if i =0,
p(i) = ri+ (s — si—1) if1<i<n,—1,
Tpe — %snr_l if i = n,.

Since we have two unknowns preg and Qpole Which are connected by the boundary con-
dition at the point of the hole (3.2.2), we will replace Qpole in the equations using this
formula. Thus, we need to solve the problem for pyg only and then apply the condition
(3.2.2) to find the flux through the hole.

Let us define the following functions

67mﬁo|e oh?
(85 + 37"-ahole)rholeh3

hole

a(r) = rh® c(r,0) =
( ) ( ) OThole

b(?") = h3 f(T, 0) = 12M(gv Uy — Up - h/ + Uz)

2, 72 A
(2) — _G'UF + 6M'Urh g(l)(g) — 3aﬁole In rp + dhole - 2dh0|erp COs 6]
TTpe (85 + 37raho|e)h‘;’ole a%ole
9(3) (0) — 66Lﬁolehg a""hole
(85 + 37raho|e)rho|ehﬁo|e or
Moreover, let us denote a; = a(riv1/2), a; = a(ri_y2), where 7419 = 1 + 5i/2,

Ti—1/2 = 7; — 8;—1/2. For the discretized functions at the points of the grid w we will use

the notation with indexes, i.e.

a; = CL(T‘Z') bl = b(n) Ci,j = C(T‘i, (9])

fig = f(ri,0;) g =g ;) g =g 9;).

and the unknown function we denote y. Let us define ¢* to be the point in radial
direction of the grid w which is closest to the point of the hole. Since we placed the hole
in positive z-axis, the point closest to the hole in w will be (r;+,0). We will use second

order finite difference method for the non-uniform grid. The scheme is taken from the



17

book by Samarsky and Nikolaev [17] (available in russian only). The equation (3.2.1)

will become:

1/( a; a; a’ a’ bi Yii—1—2Yii+ Yij+1
- 7 yi—l,j o 7 + e yi,j + iyi—&-l,j + 71 1,]— ;J 1,] 4
pPS \ Si—1 Si—1 S; S; 59

Yeijyro=1fij, 1<i<n,—1,0<j<ng—1. (3.2.6)
We also take into account periodicity condition:
y(i,7) =y(i,j +mng),j =0,—1. (3.2.7)
The boundary condition at the pupil (3.2.4) can be written as
Yo,j + gj(»l)yi*,o =0, 0<j<m—1 (3.2.8)
To discretize (3.2.3) we use ”ghost” point method:

a’?’: bnr ynr,j_l - 2ynr7j + ynr:j+1
T pBsn_ 1(ym,y Yn,—1,) + 2 ( 52 + Cn, jYix,0—

a .
- g Do = farg — 9P 0<j<ng—1, (3.2.9)

Ny

Therefore, we obtained (n, + 1)ng equations for (n, + 1)ng unknowns y; ;. Solving the

system directly requires lots of memory, since the dimension of the matrix is (n,.+1)? -ng.

Thus, in order to reduce the computational complexity and speed up the calculations

we will use the modified method of reduction.
We put our system into the following vector form:

-Y, 1+CY;-Y, 1 +DjYo=F;, 1<j<N-1
YN 14+4CY oY 1+ DyYg=Fy, j=0, Yo=Yy (3.2.10)

where N = ny. Here for j =0,... N — 1 we used the following notations:

Yj (y(L,5),9(2,5), -, y(ne, 5)),

= (t1f (1,9 t2f(2,)s - s tn, f (0 ),
Y ; _(( -t N)y(1,7),..., 2E —ty, A)y(n,, J )),
D;Y o = (t161,;y(i",0),. .. tn,Cn, jy(i", 0)).
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Moreover,
—f(i,9) if 1 <i<n, —1,
f(lvj) = . pe (2) -
—f(i,5) — 759 if i = n,.
—c(1,4) + gtV iti=1.
c(i,j) = ¢ —c(i,5) if1<i<n,—1,
_C(n’f'aj) + %gj(?)) le = Ny.

and the difference operator A is given by the formula:

1 a” a at e
e (g + j)yu + ;yzj) ifi=1,
_ 1 - - + + . .
Ay = i\ s Vi1 — (S‘Ll + %)yz] + %yi-‘rl,j) ift2<i<n, -1,
_mgsﬁ(ynr,j - ynr—l,j) it i = n,,

and, finally, F is a unit matrix, t; = p?(i)sp/b3. With these notations C' and D; are
matrices of the size nr x nr. The row ¢ of C' correspond to the row i of (2FE — t;A).
Note, that matrix C' is tridiagonal, which will allow us to use Thomas algorithm for
inverting it. Matrix D; has zeros entries everywhere, but the column ¢* is the vector
(t1¢1,5,t2¢2, - tn,Cn, ;). Thus, where it is convenient and possible, D; can be treated
as a vector. To solve this system we modified the reduction method described in [17] to

consider also the additional term with y(i*,0).

3.2.1.1 Modified reduction method

Let us describe in details the modified method of reduction for solving the system (3.2.10)
as in [17]. The number of points in 6 for the method should be a power of 2, N = 2". In
(3.2.10) for j =2, 4, 6, ..., N —2 let us eliminate the variables Y ; with odd numbers
from two neigbouring equations. We will get

~ Y0+ CVY; Y+ DVYo=F, j=24, ... N-2

~ Y2+ 00y~ Yy + Dy = FY,
where

c®W=c? 28 FV =F" +crF +F),, DY =D

(0) (0)
i+ P j-1 T CD;T+ D

i+

F'=F\  +cFY +F”, D" = DY + oDy’ + D", F" = F;, D\” = D;.
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Then, the unknowns Y ; with odd numbers can be found from the equations:
cOY; =F" +v; 1 +Y;, -DVY,  j=1,375 .., N-1 9=cC

The process of elimination can be continued. After the step | we will get the system of

equations for the unknowns Y ; with j being a multiple of ot

l l .
Y, g+ 00Y; Y, + DVYo=FV, j=2l2.2 N2,
l l
Yy +COY— Yy + Dy = FY,
along with the group of equations
Crt VY, = FF D 4y, a4 Y00 - D VY, (3.2.11)
j=2kt 3 okl 5okl N okl = 1—1,..., 1, C® = (k1) _2E

for obtaining rest of the variables. F;k) and ngk) are defined recurrently for k =
1,2,...,.n—1as

FO = pl D, ot 0ptD L p0D  p® = p*b 4 c®-ph  pliD

J ]+2k 19 ]+2k 1
j=2ok 9.9k 3.0k N _ok FO =F;, DY = b, (3.2.12)
k - 1) (k- k- k k— k— k—
FP =F8 )+ ot VFEFD L pED D = ptl) 4 oD p oy plih),
For the step n — 1 we will obtain the system for Y and Yon—1 (Y ny =Y):
CO VY ya + (DUTD —2E)Y o = FU D,
—2Y gur 4+ (CV 4 DIy = FIY), (3.2.13)

By solving this system we will find Y, Y9n—1 and Y 5 = Y. The rest of the unknowns

can be found from (3.2.11) as the solutions of the equations:

CrVY; = FF D 1y, a4 Y 0 - DY VY,
j=okl 3.9kl 5uok=l N _2F1 k—=pn n-1,..., 1
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However, before we solve (3.2.13) we would like to use complementary vectors pg-k), qg-k)

and lg-k), m® connected to F¥) and D

; ; ; with the following relations

ng) — C(k)pgk) + qgk),
DY = oW 4P j=0,2% 2. 25 3.9% . N 2, (3.2.14)

Note that D; is a matrix which has zero entries everywhere, except of the column 7*.
Thus, where convenient D; is considered to be a vector. We will introduce the way to
find p(-k) , qg-k), and lg-k) , mgk) can be found by following the same procedure. Using the
recurrent formulas (3.2.12) we will obtain the relations

ChNgiY = gD 4 D 4 pl

p§k) :p§k—1) +S§k—1)7

g =2 + g5, + g0, (3:2.15
j=2kF 2.9k 3.9k O ON-—2¢ k=12 ..., n—1,

"' =F;, p” =0, =12 .., N-1,

from which we can find p§-k), q§k) for j # 0 and formulas

CtDSEN = gD 4 ph D

p(()k) _ p(()k—l) . S(()k—l)’

= gl g k=12 el (3210
a)) = Fo, p{’’ =0,

for finding p[()k), and qék). Now we can solve system (3.2.13). From (3.2.15) and (3.2.16)

for k =n — 1 we can obtain

gl =2p0 ) 1 gy gl P

ay "V =2p0 Y 1 g gl
from which we can find

ad" " —al ) =20p5" Y — 5 ). (3.2.17)
The analogous relation can be obtained for lgk) and mg-k)
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Let us subtract the first equation of (3.2.13) from the second one and apply the formulas
(3.2.17),(3.2.18) to obtain

gn—1

(€D 1 2E) (Yo — Youor) + (Dg”‘” - D("_l))YO _

[C0=2 (Yo = Yoo+ (1§77 =152 ) v ) =[00277 (1§D — 152D
Assuming that C("=2) is not singular, we can obtain the relation
Yo = [E T lgﬁi})} Yo—p{ " +pnh. (3.2.19)
Therefore, using (3.2.19), from the second equation of (3.2.13) we get
(€D —2E) (Yo — 1" VY o) + 20 Vv =F T —2p{ Y 4 opnml) —
= ("D —2B)py" Y + a5 + 2570

We denote B = (C(™~1) —2F). This matrix can be easily inverted, thus, we can find Y

from the relations

BSl = QIngjll),
Bsy = q' ") + 245070, (3.2.20)

(E+ l(()nfl) +s51)Y = p((]nfl) + s2.

where s1 and sy are the vectors in first two equations and matrices which have zero entries
everywhere except the column ¢* in the last one. We can find Y gn-1 from (3.2.19) and

the rest of the variables can be found from the formulas

YnN=Y),

C(k_l)t‘gkil) — q‘gkil) + Yj,gk—l + Yj+2k—1 - m‘gkil)YO)

Yo =p V4 gt Dy, (3.2.21)
j=2k1 g.ok"l 5.9kl N okl

k=n—1, n—-2, ..., 1.

Therefore, the equations (3.2.15)-(3.2.16), (3.2.19)-(3.2.21) describe the modified method

(n—1)

of reduction for solving the system (3.2.10). For inverting the matrices C' and B we
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use the factorizations proposed in [17]

ok—1

_ 20- )
ch=1 = H Clk—1, Cir—1 =C —2cos %E, (3.2.22)
=1
n—22k—1 2
B=| [ I] Cir-1| (C—2E)(C +2E). (3.2.23)
k=1 I=1

Note that for given tridiagonal C, all the matrices Cj_; are tridiagonal as well. Thus,
for inverting them we use tridiagonal matrix algorithm (TDMA), also known as Thomas

algorithm (can be found in [17]).

The equations were coded in Python and the results were obtained as shown in § 3.3.

3.2.2 Case of multiple holes

The equations for the regularized pressure in case when we have NN} iridotomies are
derived in § 3.1.2:

Np,

6,uQZ- 8h3 h
V- (B3 Vpreg) = — —|—12,u(—V~v — v ~h'+v) 3.2.24
4 Nn 4
T™a; 6a»Q- di‘ . .o
Qi = ————— Pregl, + %) g at the point 7,7 =1,..., Ny ,
= 85+ 3rpa; Dreeli j:%# h;’(SS +3ma;)  aj
(3.2.25)
Np
Op 6uF 6uv 6uQ; Or; .
G:g = — + h2’" - Z th; 8—; flux boundary condition at r = 7,
1 1
(3.2.26)
Np
6 . .
Dreg = _Z :}g’ ln%‘ at the pupil r = 7y,
1 K3
(3.2.27)

where r; is given by relations (3.1.11), h; = h(d;) - height of the domain in the point of
the hole.

The idea of solving the equation is to make an iterative process. Denote Q = (Q1,...,Qn,)

- vector of fluxes through the holes. By knowing ) we can find prg and vice versa. We

start from initial configuration for Q(® = 0. With the given Q(® we can find pggg by
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solving the equation (3.2.24) with the boundary conditions (3.2.26)-(3.2.27). Then ,
from the condition (3.2.25) we find Q). Thus, step k consists of the following proce-
dure: for given Q) we solve the system to find ps(]:g), while not reaching given tolerance
e: |Q® — QY| < e. For every k the problem can be solved using finite difference
method. The discretization is similar to the case one hole. The grid w, step s, average
step § and grid function p are defined in the same way as in § 3.2.1. Then, the equation

(3.2.24) we will write as

1 a. a: at at bi Yii-1—2Yi; +Yiit1
— | Y1, — iy iy |+ 2 S = fi g,
pPS \ Si—1 Si—1 Si Si p Sy

1<i<n.—1,0<j<ng—1, (3.2.28)

K
Ny 6#@5 ) oh3
=1 TI'TZ']’L? or;

12u<%V cvp — v - B 4 vz), fij = f(r4,0;). The boundary conditions (3.2.26)-(3.2.27)

can be written as

+

where a;,a; ,b; are defined in the same way as before, f(r,0) = —>_

Np, 2 2
3uQ; Ty + di e — 2dholeTp cOs 0; ) .
yO,j:_ In ) OS]STLQ_]" =0
; Wh? ( aaole
(3.2.29)
_a o N b [ Uneio1 = 2Un g Unegrl )
s, ) ( 3 i
Nh 3
r 6uF 6uh>Q; Or; . .
_ | . 0< < —1 = 3.2.30
frrj pr ( P + Z Mih? ar SJ)Sny , L=, ( )

where (3.2.27) is discretized using the ” ghost point” method. Therefore, for each iterative
step k with given Q®) we will find corresponding Dreg by solving the system of discretized
equations (3.2.28) - (3.2.30). In order to speed up the computational process the method
called ”complete reduction” was used for solving the linear system. The method is
described in [17]. It can be also done with the method from § 3.2.1.1, with D; being a
zero matrix. Therefore, we will not describe it here. The equations were coded and the

results are shown in § 3.3

3.3 Results

In this section we will present and analyse the results obtained for the iridotomy model

described above. All the simulations were done in Python using the packages numpy,
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(A) Ultrasound image of the anterior part of (B) Interpolated height of the posterior cham-
the human eye ber

FI1GURE 3.1: The shape of the posterior chamber

scipy and ,matplotlib packages. The resolution in the # component was taken in the
range 20 — 212 and in range 400 — 600 in r component. First we will introduce the
function h, which we used for all the simulations. Then we will proceed to the results
for two different scenarios: the flow due to the aqueous production (§ 3.3.2) and the flow

due to miosis (§ 3.3.3). Then, we will compare the obtained results in § 3.3.4.

3.3.1 Geometry

For all the simulations we used a realistic geometry taken from an ultrasound picture of
the domain (fig. 3.1a). Since the posterior chamber is located behind the iris that is not
a transparent tissue other optically based techniques, such as OCT (optical coherence
tomography) cannot be used to visualise the posterior chamber. In order to obtain high
resolution image very high frequency ultrasound scans should be used. Since such an
instrument was not available in the working group asit is not normally employed in the
clinical practice, we analysed an image freely available on the Internet. We proceeded by
measuring the height of the posterior chamber for left part of the image in MatCad for 20
points. Then, we used the Python function PchipInterpolator from the scipy.interpolate
package, which for given arrays x and y performs a monotone smooth interpolation.
Therefore, we obtained an approximate height of the domain (which we consider to be
axisymmetric) and it is shown in a figure 3.1b. The ultrasound scan resolution is not
good enough to resolve the tiny passage between the lens and the iris. Thus, for the

height of the iris-lens channel we assumed the value of ~ 7 pm ([6])
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FIGURE 3.2: The pressure, velocity (a,c,d) and wall shear stress on the iris (b) without
the iridotomy

3.3.2 Flow due to aqueous production

We are interested in the pressure distribution, velocity profile and flux through the
iridotomy. Figures 3.2-3.3 represent the results for the flow without the iridotomy (fig.
3.2), and with the iridotomy of radii 50gm and 100 pm (fig. 3.3). The hole is located
along the positive z-axis, at a distance of 5 mm from the center of the pupil. Figure 3.2
(a) and (b) represents the view on the domain from the top, the inner circle represents
the pupil, the outer one the boundary of the posterior chamber. In (a) the color-bar
represents the pressure distribution and the arrows are the vertically averaged velocity
vectors. In (b) the color-bar describes the wall shear stress on the domain. In figures
(c) and (d) the x-axis is the radial coordinate r spanning the region from the radius
of the pupil (left) to the outer boundary of the posterior chamber (right). Note, that
the pressure along the radial line through the iridotomy and the wall shear stress look

very similar to each other for different sizes of iridotomy, just differing in magnitude.
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FIGURE 3.3: Pressure distribution and average velocity vectors (a,b) and the average
velocity on the radial line through iridotomy (c,d). Radius of iridotomy in (a,c) is 50um,
in (b,d) - 100m
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Therefore, in the figure 3.3 we plotted only the pressure distribution and average velocity

vectors (a,b) and the average velocity distribution along the radial line through iridotomy
(c,d).

From these figures we can observe that the pressure distribution along the radial line is
almost constant everywhere and it is decreasing rapidly close to the pupil. This is due
to the fact that the channel iris-lens is very thin compared to the rest of the domain.
Note that the maximum pressure in the posterior chamber decreases with increasing size
of the iridotomy; however, it is relatively small even for small iridotomies. The wall
shear stress on the iris is also decreasing with the increasing size of the hole. We observe
that the shear stress is highest around the pupil and, in case of bigger holes, around the
iridotomy as well. The velocity profile increases in magnitude towards the pupil and has
a discontinuity across the point of the iridotomy. The table 3.1 shows the percentage of

the flux through the hole and the relative error in terms of flux conservation for different
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Radius of the iridotomy apele | Flux through the iridotomy Qnele ‘ Relative error ‘

10 pm 0.09% 0.35%
50 pm 33.72% 0.33%
100 pm 87.58% 0.29%

TABLE 3.1: The percent of the flux through the iridotomy for different sizes of the hole

Flux percentage through the hole, %

FI1GURE 3.4: Flux percentage through the iridotomy out of the total incoming flux
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FI1GURE 3.5: Velocity of the jet through the iridotomy vs size of iridotomy
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In figure 3.4 we plotted the percentage of flux through the hole out of the total flux
produced by ciliary body depending on the size of the iridotomy. The green line corre-
sponds to the case in which the iridotomy is placed at a distance 4 mm from the center
of the pupil, the blue line - 5 mm and the yellow one - 6 mm. This plot suggests that
the place of the iridotomy is not affecting much the flux through the iridotomy, whereas
with the variation of the radius of the hole the flux varies from 0 to approximately 100

%.

Another possible concern one might have in case of iridotomy is the magnitude of the
velocity of the jet from the iridotomy. We are interested in it, since high velocities might
cause the detachment of endothelium cells from the cornea (the inner boundary of the
anterior chamber). This was postulated by Kaji (2003) [18]. The figure 3.5 shows the
velocity of the jet through the hole for different sizes of the hole. We calculated it as a
flux through the iridotomy divided by the area of the iridotomy U = Qnole/ Waﬁole. This
curve has a maximum of 2.3 mm/s in correspondence of the radius 60um. However,
even for the maximum, the velocity is still very small. The value of Reynolds number
corresponding to the jet is Uanele/v ~ 0.37. This is extremely small and thus it is non

conceivable that the jet might change significantly the wall shear stress on the cornea.
Pupillary block.

Another condition we are interested in is a complete pupillary block. If this happens
the iridotomy needs to be performed, to avoid abnormal growth that might cause a
closed-angle glaucoma. Thus, we put in our model the flux coming out of the pupil to
be zero. This will modify the boundary condition at the pupil, however the methods
for the solution will not change. The results for the radius of the iridotomy 50um are
shown on the figure 3.6. For this case we are interested in the maximum of the pressure
depending on the size of the iridotomy. The results show that for very small iridotomy
size (~ 10pm) the pressure growth is almost 30mmHg. By the increasing of the iridotomy
size, the maximum pressure decreases very rapidly(fig. 3.7). Indeed, for an iridotomy
with a radius of 25um the maximum pressure drop becomes less then 1lmmHg, and
for one with radius 50pum it is less then 0.lmmHg. Therefore, it is essential in case of
pupillary block to have an iridotomy with a radius larger then 50pm to normalize the

pressure.

Multiple holes The case of multiple iridotomies is not very common in ophthalmology.
However, there are some cases when it is performed. In figures 3.8 - 3.10 we show the
results for the case of multiple iridotomies. Figure 3.8 represents case of 2 holes with

radii 40pm and 50pm. In this case the iridotomies are pleced in front of each other at
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FIGURE 3.6: The pressure, velocity (a,c,d) and wall shear stress on the iris (b) in the
case of pupillary block with iridotomy of radius 50um

opposite sides of the pupil. The fluxes through the holes in this case are 12.43% and
29.57% out of the total incoming flux. In figure 3.9 the result for 3 holes is shown with
radii 40, 45, 40pum and placed symmetrically in the domain. The fluxes out of the holes
are 12.1%, 19.15%, 12.1% respectively. And finally, the figure 3.10 represents the case of
4 holes with radii 40pum each and placed symmetrically on the eye. The flux percentage

out of each iridotomy in this case is 11.56%.

3.3.3 Flow due to miosis

For the case of miosis the flow is more intense due to the imposed velocity on the iris.
Let us denote with r. the radius of the pupil after the contraction, r. < r,. We recall
that we use here the quasi steady approach and solve the problem in the fixed domain
coinciding with the initial shape of the posterior chamber. However, we impose a velocity

distribution along the iris that depends on the final configuration of the iris at the end of
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FIGURE 3.7: Maximum pressure in case of pupillary block depending on the size of
the iridotomy, the place of the iridotomy is on the distance 5mm from the center of the
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FIGURE 3.8: 2 holes h and o placed in (5mm, 0°), (6mm,180°) in polar coordinates,

with radii 40pm and 50um respectively. (a) represents pressure distribution and average

velocity vectors, in (c) - blue line the average velocity on the radial line through the
hole h, the green line - through the hole o.

the pupil contraction. Unfortunately, we do not know exactly how the iris moves during
contraction, and a better analysis could be done if more clinical data were available.
However, we will make some assumptions that seem to be physically reasonable in order
to determine a suitable velocity profile for the iris. Let v, be the velocity in radial
direction, and v, - vertical velocity. We suppose that the iris on the posterior chamber is
not moving, v(r,.) = 0, and from 7, to r. the iris is moving horizontally, thus v(rp) = 0.
We put maximum velocity in the radial direction to be vy ez = (rp —7¢)/T and v, to be
Fp—Te  T—Tpe

a linear function, v, = —=z= - 2= (fig.3.12a). For v, we choose the function which

has its maximum v 4, such that the domain remains concave, and put it to satisfy the
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FIGURE 3.9: 3 holes h,0,l placed in the polar coordinates (5mm,0°), (6mm,120°),

(5.5mm, 240°) with radii 40, 45, 40um respectively. (b) shows pressure distribution

and average velocity vectors, in (d) blue line is the velocity along the radial line through
hole h, red line - through hole 1, green one - through hole o.
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FIGURE 3.10: 4 holes h,o,l,e placed in the polar coordinates (5mm,0°), (6mm,90°),

(5.5mm, 180°), (4.5mm, 270°) all with radius 40pm. (b) shows pressure distribution and

average velocity vectors, in (d) blue line is the velocity along the radial line through

hole h, red line - through hole 1, green one - through hole o, light blue - through the
hole e

mentioned assumptions: v, = —“=2% sin 7;5;:’; ) (fig. 3.12b). We will introduce here the

results for different sizes of the holes and for different r. (different imposed velocities).
In the case of miosis we calculate the total incoming flux as sum of the fluxes caused
by aqueous production and moving of the iris Qiot = F' + Qwan- Thus we will calculate
the percentage of the flux through the iridotomy as Qnole/Qtot - 100%. On the figure
3.13 the result for radius of contraction r. = 1.5mm and radius of iridotomy 100um is
shown. The flux percentage through the iridotomy in this case is 85%. On the figure

3.14 we show the result for r. = Ilmm and iridotomy size anole = H0pum. We observe that
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FI1GURE 3.11: Vertical cross section of the axisymmetric domain in case of miosis
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FIGURE 3.12: The radial and vertical velocities imposed on the iris (1, = 1.21mm)

the pressure is negative and the fluid goes into the posterior chamber both through the
iridotomy and the pupil. The flux through the iridotomy in this case is 36%. The figure
3.15a represents the comparison plot for different radius of the contraction r. = 1, 1.5, 2
mm depending on radius of the iridotomy anele. The green line denotes the radius of the
contraction 1 mm from the center of the pupil, the yellow line - 2 mm and the light blue
one - 1.5 mm. This plot suggests that the radius of the contraction of the domain is
not affecting the flux percentage out of the total flux, whereas with the variation of the
radius of the hole the flux varies roughly from 0 to 100 %. This is similar to what we
observe in the case of the steady production/drainage flow. The plot 3.15b shows the
flux through the hole and the flux through the pupil for different r. (which influences the
velocity imposed on the iris). We observe that the fluxes become negative for r. < 1.2
mm, meaning that for such cases aqueous humor enters the posterior chamber through

the pupil and the iridotomy.

As in the case of aqueous production, we want to observe the velocity of the jet through

the hole 3.16. The curve is very similar to the one in figure 3.5, however, the magnitude
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FIGURE 3.13: Pressure distribution and average velocity vectors (a) and average ve-
locity on the radial line through iridotomy (b) during miosis with contraction radius
r. = 1.bmm and iridotomy with radius apee = 100um
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FIGURE 3.14: Pressure distribution and average velocity vectors (a) and average ve-
locity on the radial line through iridotomy (b) during miosis with contraction radius
r. = lmm and iridotomy with radius apee = 50pm

of the velocity is different. In the case of miosis the maximum magnitude is almost

40 times bigger than in the case of the flow due to aqueous production only, and the

Reynolds number can reach a value of & 10. Thus, in this case these can be a variation of

wall shear stress on the cornea in the region opposite of iridotomy. The feasibility of such

an assumption should be verified modelling the jet behavior in the anterior chamber.

This is beyond the scope of this thesis work, but it is an endeavour that will deserve

future attention.
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FIGURE 3.15: (a) flux percentage through the iridotomy out of the total flux Qiot

depending on different radii of iridotomy apeefor different radii of the contraction r, =
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FIGURE 3.16: Velocity of the jet through the iridotomy vs size of iridotomy
3.3.4 Conclusions

From the results in previous section we can make the following conclusions.

e The iridotomy should be at least 40 microns to get a significant impact on the
flow. For the small iridotomies (rad. 10um) the flux through the hole is very small
with respect to the total flux. For iridotomies with a radius of 80 — 100um, almost

all the flux goes out of the hole.
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The size of the iridotomy has a big impact on the flux through the iridotomy,

whereas the location of the hole has not.

In the case of pupillary block small iridotomies induce extremely high intraoccular
pressures. Thus, for normalizing the pressure in this case one needs the iridotomy

of radius at least 50um.

During the flow with miosis and the flow due to the aqueous production the per-
centage of the flux through the iridotomy is very similar for the same sizes of the

hole.

In case of miosis the percentage of the flux through the hole doesn’t differ much

with various velocities imposed on the iris.

During miosis the velocity of the jet through the hole is almost 40 times bigger
than during the normal case. This is the situation that one has to avoid to prevent

cells detachment from cornea.

The velocity imposed on the iris is very roughly approximated, thus for a bet-
ter model we need more clinical data, preferably medical images of the posterior

chamber before and after pupil contraction.



Chapter 4

Hole-ICL Model

4.1 Mathematical model and assumptions

We are interested in modelling the aqueous flow in the case of implanted Hole-ICL into
the posterior chamber of the eye. In the figure 4.1b the cross section of the eye with
Hole-ICL is shown. For simplicity we consider axisymmetric domain. For the first model

of the problem we assume that the lens is a axisymmetric surface of radius r;, with a

«*

(a) (b)

FIGURE 4.1: The Hole-ICL (a) and the velocity profile with Hole-ICL implanted into
the posterior chamber (b), Kawamorita et al. [1]

small hole of radius r¢ in the center. Since the hole is in the center of the lens and both
the geometry of the lens and of the posterior chamber are axisymmetric we can consider
the flow to be axisymmetric as well. We split the domain of the posterior chamber into
three regions with heights h;, ¢ = 1,2, 3 (as it is shown in figure 4.2). Let us define region
1 to be the area without the Hole-ICL, region 2 is the domain between the Hole-ICL
and the natural lens, and region 3 is the one between the Hole-ICL and the iris. For

every region we want to apply lubrication theory in order to simplify the Navier-Stokes

36
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FIGURE 4.2: The vertical cross section of an axisymmetric domain

equations. Indeed, according to the table 4.1 each region can be considered long and
thin and, as we did in § 2.2.3 we can drop the terms of order €2, ¢?Re compared to
order 1 terms in the equations (2.2.1)-(2.2.4). Therefore, for each domain we write the

equation for the pressure p;, i = 1,2,3 using lubrication theory as in § 2.2.3,

d/ . d .
- iP5 Pi) =Y, 1 = 1727 .
dr (hzrdrp) 0,4 3

The corresponding velocities and depth averaged velocities in each domain are

1 d , h(r) p h3
__ -« _ = — = _ 1,2,3
u; 2Md Di Z( i Z) q; /0 u; az 12,Ud Di, 1 IR
Region H 1 ‘ 2
Length of the region, L, mm 2 4.5 2

Maximum height, A", mm 0.7 0.1 0.1
e=h"/L 0.35 0.022 0.05

€ 0.12 4.94-107* | 2.5-1073

e2Re 5.71-107%[2.62-107° | 5.8-107°

TABLE 4.1: Characteristic values for each region of the posterior chamber

In this chapter we will introduce two different submodels for describing the flow. In the
first one (§ 4.2) we will consider the hole in the lens to be of a finite size, whereas in the
second model (§ 4.3) the hole is a point hole. The significant difference is that for the
point-hole model we have to introduce the regularised pressure as we did for the case of

iridotomy. We will observe that both models produce the same results.
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4.2 Model with finite-size hole

We consider now the lens as the annulus rg < r < r;. The inflow in the ciliary body
is caused by aqueous production, and is equal to F' = 3 pl/min. Thus, on the outer
boundary of the domain we have the condition %1 = bl
erchl

we will impose zero pressure, p3 = 0, » = r,. We want the pressure to be continuous

r = Tpe. On the pupil

on the edge of the lens, py = po, p1 = p3, in 7 = r; and the flux to be conserved
Q2 + Q3 = F, where 2, Q3 are the fluxes entering the regions 2 and 3 respectively.
The last boundary condition is the one on 7y and it is taken from Dagan’s formula:
Q2 = TAps|ir/(8Siu+37rg), where S; is the thickness of the Hole-ICL and y is dynamic

viscosity.

Therefore, we can write the final equations considering the axisymmetric flow

%(hird%@ ~=0,i=1,23 (4.2.1)
% = 73:5;? flux boundary condition on r = 7, (4.2.2)
p3 =10 onr=r, (4.2.3)
16uSTiﬂ3uﬁrop2 = W;(;Lh% % flux through the hole in the lens r =ry  (4.2.4)
p1 = P2 condition on r = r; (4.2.5)
p1 = P3 condition on r = 1y (4.2.6)

@wrlh% %ﬂrlhg
dr 6u dr 6u

=F peservation of the flux on r = (4.2.7)

Note that we assume hg is a constant, which makes sense considering the shape of Hole-
ICL. For the case of linear domain (h; and hj3 are linear functions) we can obtain an

analytical solution of the problem.

4.3 Model with a point hole

Now let us now consider the hole in the center of the ICL to be a point hole. For this

case in order to avoid singularity at the point of the hole. As we did in 3.1.2 for the
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iridotomy case, we will introduce the regularised pressure in the region 2

61CQ0o In r ’

Poreg =D2 — ——o
e TI'h% T

where 7}, is the distance from the hole, which in our case coincides with the origin, so
it is equal to r itself, and Qg is the flux through the hole. We can compute Qg using

Dagan’s formula: Qg = p2|o. Then, the equation for ps ., will be :

rin
16puS+3umro

d/s d _ 12uQ0 dh3
dr (hzrdrm’reg> 2 dr’

however, since we consider the height under the Hole-ICL ho to be a constant, we can

simplify the above equations accordingly. We end up with the following final set of ODEs

d% (T%pzr@g) =0, d% (h??”%pz) =0,7:=13. (4.3.1)

The boundary conditions at zero are

16uS + 3umr
P2reg = QO( ,ur47r . 0)’ |p2,7”69‘ <oo, =0 (4'3'2)
0

and all other boundary conditions will remain the same as in § 4.2. Since hy is constant,
we can compute po o, analytically, to get p2 ey = c3Inr + c4. Because of the condition
|D2,reg] < 00 we conclude that ¢3 = 0. Constant ¢4 we can define from (4.3.2). Thus,

_ Qo(16pS+3umre) _ Qo(16pS+3umre) | 6uQo 1., r :
Poreg = = po = v + ﬁhg In o However, Q¢ is unknown

still, and we can define it from the remaining boundary conditions which we rewrite in

terms of the regularised pressure in region 2

) 6

% = wrjffii’ flux boundary condition on r = 7y, (4.3.3)

p3=0 onr=rmry (4.3.4)
12

D1 = D2,reg + 2;:%0 ln% condition on r = 1y (4.3.5)

P1 = P3 condition on r =1 (4.3.6)

dp2 reg ﬂrlh% % wrlh§
dr 61 dr 6u

=Q - Qo peservation of the flux on r = 7 (4.3.7)

If hy and hg are linear functions we obtain an analytical solution of the equations (4.3.1)

with boundary conditions (4.3.3)-(4.3.7). The results are shown in the § 4.4



40

0.00020

0.00015

0.00010

Pressure (mmHg)

0.00005

0.00000
0

Pressure (mmHg) and velocity vectors

FIGURE 4.3: Pressure (a) along the radial line and pressure distribution with average

0.000195

0.000165

0.000135

0.000105

0.000075

0.000045

0.000015

pressure

Pressure (mmHg) and velocity vectors

velocity vectors (b), (c), height under Hole-ICL is hy = 0.2mm

4.4 Results

0.00018

0.00015

0.00012

0.00009

0.00006

0.00003

0.00000

ssure

<4
a

In this section we will present the solution for models of the previous two sections. The

solutions coincide, therefore we can use any of the two models. We solved the problem

analitically for linear hs and hi. In hs we defined the height of iris-Hole-ICL channel

to be the same height as the iris-lens channel without Hole-ICL, equal to 7um. The
height below the Hole-ICL is not known, thus we tried different cases. The size of the

hole in the lens is 79 = 0.36mm, [1]. On the figure 4.3a the pressure distribution in the

posterior chamber with the Hole-ICL implanted is shown. Each line represents pressure

along the radial line in a different region: the red line represents the average pressure in

region 1 (the outer region of the posterior chamber); the blue line - in region 2 (natural

lens - Hole-ICL); the green one - in region 3 (Hole-ICL - iris). Figure 4.3b represents
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FIGURE 4.4: Flux through the hole vs height of the lens-Hole-ICL region

pressure distribution (colorbar) and average velocity vectors (arrows) in the regions 1-2.
The view of the domain is from the top, the inner circle (with stars) is the hole in the
Hole-ICL, the middle circle (with stars) is the edge of the Hole-ICL and the outer circle
is the outer boundary of the posterior chamber. Similarly, the figure 4.3c shows the
pressure distribution and the velocity profile in the regions 1-3. In this case the inner
circle represents the pupil. The flux through the hole in the Hole-ICL 99.6% out of the
total incoming flux produced by ciliary body. Note that he pressure here is 10 times

smaller then in the case without the Hole-ICL.

Let us see what happens if we vary the height in the region 2 (under Hole-ICL) keeping
the Hole-ICL - iris channel fixed and equal to 7um. We think this is a reasonable
assumption, since the iris ”wants” to be on its original position without the implanted
lens. On the figure 4.4 the flux percentage through the hole out of the total flux is shown
as a function of the height of the region 2. We conclude that almost all the fluid flows
out of the hole in the ICL.

4.5 Conclusions

In this section we proposed a preliminary model of circular Hole-ICL implanted into the
posterior chamber of the eye. Two submodels were presented, one considering the hole

in the ICL to be the hole of finite size and another one - with a point hole. The results
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for both models are the same and they are presented in § 4.4. We conclude that almost
all the flux goes out from the hole in the ICL, which is due to the fact that the channel
iris-Hole-ICL is very small. We also conclude that the pressure is 10 times smaller with
the lens than in the case without the lens. However, this conclusion might not be very
reliable due to the lack of information about the geometry of the posterior chamber with

the implanted lens.

As a proposed development of this model we can suggest first to consider a better geom-
etry. Since the height of the domain has a strong impact on the behavior of the flow this
might be a crucial improvement. High resolution ultrasound images with the lens im-
planted into the eye should work for measuring the height of the domain. Unfortunately,
at the moment we do not have these data. Another improvement is to consider the real
shape of the Hole-ICL. This will make the model much more complicated, since the flow
and, what is more important, the domain, will no longer be axisymmetric. However, we

assume that the overall picture of the results will not change significantly.



Chapter 5

Model of Hole-ICL with an

iridotomy

5.1 Assumptions and mathematical model

The objective of current chapter is to combine the model of iridotomy with a model of

Hole-ICL. We will start from the assumptions.

5.1.1 Assumptions

o Geometry of the Hole-ICL: We assume that the implanted lens is a circular
plate of finite thickness S; with radius r; and a little hole in the center of radius rg

(thisis the same geometry as considered in chapter 4).

e Geometry of the posterior chamber: We assume the posterior chamber has
an axisymmetric shape. The domain is divided into 3 regions: region 1 without
ICL, region 3anterior to the ICL and region 2 posterior to ICL. Each region has
height h;(r), i = 1,2,3, see fig. 4.2. The height of the region below the lens
is constant, hy =const, and hi, hg are linear functions. We need more data to
overcome this assumption. The iridotomy is placed along positive z-axis in region

1 at a distance dpge from the center of the pupil.

e Geometry of iridotomy: Where convenient we assume the iridotomy diameter
is small enough that the iridotomy can be modelled as a point hole through the

iris.
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e Flow through the hole: As before, we use Dagan formula, for both the flow
through the hole in the lens and the flow through iridotomy.

5.2 Mathematical model

We consider the basic model of an ICL lens in the posterior chamber with the iridotomy.
We split the domain into 3 different regions with heights h;. We will consider hs to
be constant and h; and hz to be functions of the radius (see fig. 4.2). Using the
model described in §4.1 for the region ¢ we write the equation for the pressure p; using
lubrication theory

V- (hiVp;) =0, i=1,2,3. (5.2.1)

Now let us consider the hole in the ICL and the iridotomy to be point holes with radius
ro and a; respectively. Then, we have to introduce the regularized pressure in regions
2 and 1 in order to avoid the singularity at the point of the hole, as we did for the
iridotomy and the Hole-ICL model,

P =p1 — 61Qi In %
Lreg ! Thi T a;

Doren = P — 6puQo T
2,req 2 Wh% TO’

where @y, @); denote the flux through the hole in the lens and the iridotomy respectively;

and r; is the distance from the iridotomy. We can compute Q)¢ and Q; using Dagan
4 4

formula as before: @y = m;mo, Qi = WM’O? where S; and S; are

thickness of Hole-ICL and the iris, respectively. The boundary conditions will be the

same as in §4.2 with an additional condition at the point of the iridotomy. Therefore,

the equations in terms of regularised pressure will become
61Q; dh3

wrihd dry’
V - (Vpareg) =0, (5.2.3)
V- (h3Vp3) =0 (5.2.4)

A\ (h?vpl,reg) =
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subject to the boundary conditions

Qo (8#81 + 3,u7r7“0)

D2,reg = 7} the condition on flux in r =0 (5.2.5)
ToT
Op1,reg 640Q 6pQ; Or; .
— = - —. flux bound dit = 5.2.6
o P — ux boundary condition on 7 = rp, ( )
p3=0 onr=m (5.2.7)
6 T 6 T ..
Dl,reg + M}gz n aZA D2,reg + M}CL%O % condition on r = 1y (5.2.8)
(2
6 .
Plreg + M}gz ln% =p3 condition on r =1 (5.2.9)
(2
8p2,'f’69‘ % ap3‘ Tlh§ . 6p1,'reg‘ hilgrl _ Qih?rl % _ @ (5 9 10)
or "12u 0 or " 12u or "12u  27whir; Or 2« o
peservation of the flux on r =1
Dlreg = Qi(8p l:_ pra;) in the point of iridotomy (5.2.11)

a,;m

Equations (5.2.2)-(5.2.11) describe the aqueous flow in the posterior chamber with im-
planted Hole-ICL and iridotomy.

5.3 Results

We will use the finite difference method for solving the equations (5.2.2)-(5.2.11). The
used a scheme is based on the one described in § 3.2.1. Obviously, the method needs to
be used for each p;, ¢ = 1,2,3. The boundary conditions (5.2.6), (5.2.10) were discretized
using forward and backward second order finite differences. In this case the boundary
conditions make it impossible to use the reduction or the modified reduction methods
introduced in S 3.2.1.1. Thus we solve the linear system by storing everything into one

matrix and then using a regular solver in Python from the package scipy.sparse.linalg.

The results are shown on the figure 5.1. This limits the size of the mesh that we can
deal with. The size of the hole in the lens is 79 = 0.36 mm. The iridotomy is placed
along the positive x-axis at a distance b5mm from the center of the pupil. Figure 5.1a
represents pressure distribution (colorbar) and average velocity vectors (arrows) in the
regions 1-2. The view of the domain is from the top, the inner circle is the hole in the
Hole-ICL, the middle circle is the edge of the Hole-ICL and the outer circle is the outer
boundary of the posterior chamber. Similarly, figure 5.1b shows the pressure distribution

and the velocity profile in the regions 1-3. In this case the inner circle represents the
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FIGURE 5.1: Pressure distribution and average velocity vectors for the radius of irido-
tomy 100pm

pupil. The flux through the iridotomy is 17% and the flux through the hole in the ICL
is 81% out of the total incoming flux produced by ciliary body. In the figure 5.1¢ the
pressure distribution in the posterior chamber with the Hole-ICL implanted is shown.
Fach line represents the pressure along the radial line in a different region: the red line
represents the average pressure in region 1 (the outer region of the posterior chamber);
the blue line - in region 2 (natural lens - Hole-ICL); the green one - in region 3 (Hole-ICL
- iris). The plot 5.1d is the average velocity distribution along the radial line through
the iridotomy in different regions.Note that the pressure is continuous from one region
to another while the velocity is not. This is a consequence of the finite thickness of the
ICL, which implies that the thickness of the region 1 is bigger that the sum of the height

of regions 2 and 3.

We are interested in how the flow will change depending on the size of the iridotomy

and the height of the domain under the Hole-ICL. In the figure 5.2a we plotted the flux
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through the hole for different sizes of iridotomy. The height of the region under the
Hole-ICL is 0.1 mm. We observe that even for large iridotomies (100 pm) almost all

100

100

S _ e
— Qiridotomy e
— A

——_ — Qe e
80 80 -

— ————

60 60

Flux, %
Flux, %

40 40

20 20
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— Qi
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10 20 30 40 50 60 70 80 920 100 20 40 60 80 100 120 140 160 180 200
radius of the iridotomy, pm h2 (um)

(a) (b)

F1GURE 5.2: Flux through the iridotomy and flux through the hole in ICL vs size of
the iridotomy (a) and height of the region under the Hole-ICL (b)

the flux goes through the hole in the ICL. This could be explained by the fact that the
height of the domain 2 is large (which is usually even larger according to [1]) and also
the size of the hole in the lens is much bigger than the one of the iridotomy. Figure
5.2b is obtained by varying height of the domain under the Hole-ICL from 30 pm to
200 pm and keeping iridotomy large (100 pm). The majority of the fluid goes out of the
iridotomy for small height (< 60 ym) and the flux decreasing rapidly with the increasing
of the height. Therefore, we conclude that the flux through the iridotomy is significant
only for the small height of the region 2.

5.4 Conclusions

In this chapter we combined the model aqueous flow in the posterior chamber in cases of
Hole-ICL and iridotomy. The solution is obtained by using the finite difference method.
From the results we observe that the iridotomy has a significant influence on the flow
only when the height of the domain under the Hole-ICL is small. Note that, this is
the conclusion for quite large iridotomy, for smaller holes the impact of the iridotomy is
even less. Therefore, we might conclude that iridotomy might be useful only when the
region between Hole-ICL and the natural crystalline lens gets very thin. However, this
conclusion needs a verification due to the fact that geometry of the domain is not very

realistic.
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First improvement of the model will be to consider realistic geometry for the shape of
the posterior chamber and the Hole-ICL. Another possible extension will be to consider

the flow due to miosis.



Chapter 6

Conclusions

In this thesis we proposed a mathematical model of the aqueous flow in the posterior
chamber of the eye. Two problems were considered: the iridotomy model and the
model with implanted Hole-ICL. In both cases we use lubrication theory to obtain semi-

analytical solutions.

For the problem of iridotomy, we separated cases of the flow caused by aqueous produc-
tion and the flow caused by miosis (pupil contraction). For miosis we use quasi-steady
approach by keeping the domain fixed and imposing velocities on the iris. We modelled
an iridotomy as a point hole and assumed that the flux through the hole is proportional to
the pressure drop across the hole. Moreover, we worked in terms of regularized pressure.
For solving the equations we used a second order central finite difference scheme and for
solving the corresponding linear system the modified method of reduction. Therefore,
we obtained the solution for the pressure and velocity profile in the posterior chamber.
For all the simulations we used a realistic geometry of the posterior chamber obtained
by analysing a medical image. The results suggest, that iridotomy should have radius
of least 40 pum to cause a significant impact on the flow. Moreover, in case of pupillary
block the pressure grows so drastically, that one needs an iridotomy of at least 40 pum
in radius in order to normalize the pressure. The position of the iridotomy and the
velocity imposed on the iris do not have a big impact on the flux percentage through the
hole. During miosis one has to avoid high velocity of the jet through the hole in order
to prevent cells detachment from cornea. We found that the jet velocity is maximum
for a radius of the hole of 60 ym. To improve the model, we need more data to model
the velocity imposed on the iris and medical images of the posterior chamber with very

high resolution.
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For the model of Hole-ICL we used an axisymmetric shape of the domain. We split the
posterior chamber into tree different regions (the region without ICL, the region above
ICL and the region below the ICL) and applied lubrication theory to each of them. At
the edge of the lens we imposed the continuity of pressure and conservation of flux. The
pressure drop through the hole in ICL was modelled using Dagan’s formula. For linear
height of the domain we obtained an analytical solution of the problem. The results
suggest that almost all the fluid exits through the hole in the lens, which is due to the
fact that channel iris-Hole-ICL is very thin. The first improvement of the model will
be to consider realistic geometry of the posterior chamber with implanted Hole-ICL.

Secondly, we should consider the real shape of Hole-ICL for more accurate results.

The last part of the thesis combines the models of ICL and iridotomy. We place the
iridotomy in the region without the lens and introduce regularized pressure in region
without the lens (due to iridotomy) and region between the natural lens and Hole-ICL
(due to the hole in ICL). Therefore, we obtain a set of equations which we solve using
second order finite difference scheme. The results vary with the height of the region under
the Hole-ICL. For the small height (~ 60 pum) most of the flux goes out from iridotomy,
whereas for bigger height the flux through the iridotomy is not significant. We also
observe that the size of iridotomy should also be large, since small iridotomies will not
have significant impact on the flow. Therefore, the conclusion is that the iridotomy
in case of implanted ICL should be large and performed for the case when the height

between lens and Hole-ICL is small.

For further research we will suggest, firstly, to consider better geometry, especially in
the case of ICL. Moreover, one may include in the model time dependence instead of
considering the steady approach, especially in the case of miosis. Furthermore, combining
this model with the model of the flow in the anterior chamber could be a good extension,
which will result in the complete solution of the problem of aqueous humor flow in the

anterior part of the eye.



Appendix A

Codes

In this appendix a brief outlook of the code for iridotomy problem is provided.

Main Program

import numpy as np

from closest_point import *

from newreduction import *

import geometry

from matrices import *

from velocities import *
ahole=5e-5#radius of iridotomy, m
dhole=5e-5#place of iridotomy, m
S=0.406e-3#thickness of the iris, m
mu=0.75e-3#viscosity kg/m/s

#set height of the domain
h=geometry ()

#number of points in theta

n=10

nth=2%x*n

#partition of theta

th=np.arange (0,nth+1)/float (nth)*2*math.pi
dth=2*math.pi/float (nth)

#setting step in r and partition in r
s=[rpupil=*dth]

r=[rpupill

i=0
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while r[i]l<rpost:
r=np.append(r,r[il+s[i])
s=np.append (s, (s[il+r[i])*dth)
i=i+1

nr=np.size(r)-1

r[nr]l=rpost

s[nr-1]=r[nr]-rlnr-1]

#point closes to the point of the hole

istar=closest_node (dhole,r)

TH,R=np.meshgrid (th,r)
#set the matrices

C,F,D=matrices (ahole,dhole,nth,nr,h)

#use reduction to find preg

preg=newreduction(C,F,D,n,nr,istar)

#Dagan formula for the flux through the hole
Qhole=np.pi*ahole**4/(8*S*mu+3*mu*np.pi*xahole)*pregl[istar ,0]
#from the regularized pressure to the pressure
p=preg+3*mu*xQhole/np.pi/h[istar]**3*np.log((np.multiply (R,R)+\
dhole**2-2xR*xdhole*np.cos (TH))/aholex**2)

#velocity components

qr ,qtheta=velocities (p)
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