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Introduction

Partial differential equations (PDEs) form the basis of many mathematical mod-
els of physical, chemical and biological phenomena, and more recently their use has
spread into economics, financial forecasting, image processing and other fields. To
investigate the predictions of PDE models of such phenomena it is often necessary to
approximate their solution numerically, commonly in combination with the analysis of
simple special cases; while in some of the recent instances the numerical models play
an almost independent role.

This thesis deals with numerical methods for solving partial differential equa-
tions (PDEs) coupling linear and non-linear diffusion equation, with a focus on time
dependency. Comparison of numerical schemes and accuracy is presented of methods
for both linear and non-linear diffusion equation that has been elaborately described in
the book by W. Hundsdorfer and J. G. Verwer [9].

Many of those mathematical models are described by a (system of) partial differential
equations (PDEs). Well established laws of nature and their mathematical counterparts
have led to most of the development of suitable PDEs, e.g., heat conduction, fluid dy-
namics or deformation of solids [7, 4, 11, 9]. However, sometimes the development
and understanding of a particular mathematical model can only be tackled by a trial
and error approach, which is a two-step procedure.

In a first step, the simulated results are compared to experimental data and in a second
step, these comparisons are used to modify the mathematical model, i.e., most of the
case it is the underlying PDE. Hence, numerical simulations of PDEs are of tremen-
dous importance when trying to understand real world processes. On the one hand,
in the field of numerical ODEs highly valuable methods and results exist which are
of practical use for solving time-dependent PDEs, something which is often not fully
exploited by numerical PDE researchers [9].

Although many problems can be solved by Euler’s method or the Crank-Nicolson
method, better alternatives are often available which can significantly reduce the com-
putational effort needed to solve practical problems [7]. On the other hand, many nu-
merical ODE researchers are unaware of the vast amount of highly interesting results
on discretization methods for PDEs [9]. Moreover, when solving PDEs, discretizations
in space and time have to be matched, and different spatial discretizations may require
different temporal discretizations.

Numerical approximation

Partial differential equations (PDEs) have become enormously successful as mod-



els of physical phenomena. With the rapid increase in computing power in recent
years, such models have permeated virtually every physical and engineering problem.
The phenomena modeled by partial differential equations become increasingly com-
plicated, and so do the partial differential equations themselves. Often, one wishes a
model to capture different aspects of a situation, for instance both convective transport
and dispersive oscillations on a small scale. These different aspects of the model are
then reflected in a partial differential equation, which may contain terms (operators)
that are mathematically very different, making these models hard to analyze, both the-
oretically and numerically. (See [1, 9, 10, 11, 15, 18, 19, 20, 21, 22, 24]).

In order to study numerically any kind of problem we need a stable and consis-
tent numerical scheme [7, 11, 9]. Besides, a good scheme has to reproduce all of the
important features of the original model, which arise from the physical background of
the problem. First of all the scheme has to preserve the non negativity of solutions
as we deal with densities and concentrations. Then, if we consider bounded domains
with no-flux boundary conditions, the numerical approximation has to conserve the
total mass. Conservation laws with reaction terms are characterized by a special bal-
ance between the fluxes and the sources, which can lead to non constant stationary
solutions. Their preservation is essential and in the case of geometric sources, contain-
ing for example space derivatives, it is impossible by using standard schemes treating
the flux and the source at different time steps. Moreover, the presence of the vacuum
states brings another difficulty as many schemes produce oscillations at the interface
between the regions, where the density is strictly positive and where it vanishes. In
order to study the behaviour of the boundary, the approximate solution not only has to
be free from oscillations, but also it has to deal with tracking the movement of exact
front. Using an appropriate numerical scheme for parabolic model of porous medium
type that can satisfy all these properties is not an easy task (see [3, 12]).

Numerical Analysis

We focus our attention on degenerate parabolic equations such as the porous
medium equation (PME). It is well known that the degeneracy implies a finite speed
of propagation [4, 6]. Equivalently it means that when the initial density has compact
support, it will remain compact for all times [14]. In this case, the classical smooth
solution may not always exist in general, even if the initial solution is smooth. It is nec-
essary to consider the weak energy solution, whose behavior causes many difficulties
for a good numerical simulation. For example, the weak solution may lose its classical
derivative at some (interface) points, and the sharp interface of support may propagate
with finite speed if the initial data have compact support. Enamored of these interest-
ing facts, there have been many works on the simulation for the non smooth solution
of the PME, for example, the finite different method by Graveleau and Jamet [25], the
interface tracking algorithm by DiBenedetto and Hoff [26], and the relaxation scheme

II



referred to in [1].

In numerical point of view, implicit §-scheme possesses several properties to
make it very attractive for practical computations, such as parallelization, adaptivity,
and simple treatment of boundary conditions. The most important properties of this
method is its strong stability and high-order accuracy; as a result, it is very good at cap-
turing discontinuous jumps and sharp transient layers. Explicit reluxation scheme has
a good L, and L -stability for the standard nonlinear diffusion equation, including the
PME for short time simulation where as for long time time simulation explicit-implicit
Crank-Nicolson scheme is better in the sense of Lo and L., -stability [1]. We will
compare between fully implicit Backward Euler scheme and explicit-implicit Crank-
Nicolson scheme and measured the accuracy by the L, L, and L,,-norm.

There are two main components in this thesis. The first is the simulation by
the finite difference method (FDM) for smooth and non-smooth solutions of the linear
diffusion equation and PME (see [9, 6]). We design a non-negativity-preserving the
physical relevancy of the numerical solutions (Q. Zhang and Z. Wu. has been done
by local degenerate Galarkin (LDG) method, see [12]). The given numerical results
verify the above advantage of the FDM method that it has the ability to capture sharp
interfaces accurately without or with very little numerical oscillation (see the Figure
3.8). As a comparison, time integration method based of non-negativity is also consid-
ered to show the importance to avoid the numerical difficulties. (See section 2.2.1 in
Chapter 2).

The second component is an analysis for the non-negativity preservation prin-
ciple of the considered #-method, i.e., in each cell of numerical discretization of the
Barenblatt solution [8] for the PME remains non-negative for different adiabatic expo-
nents (see the Figure 3.8). At the same time we point out in this thesis that we need to
take care of the oscillation for the the PME that for any choice of the adiabatic param-
eter ensures the stability not only in the L, sense but also in the sense of L., then we
are guaranteed that the approximation to our desired solution response will lie within
the illustrated bounds.

To learn more about numerical methods for parabolic equations including PME,
we invite the reader to take a closer look at one or several of the references [7, 9, 10,
11, 16, 17, 18, 20, 21, 24, 25, 26]

Outline of the thesis

The content of this thesis is organized as follows:

In Chapter 1, we studied the background of the research. There we give an
introduction for the numerical solution of PDE using finite diffenece method (FDM),
its numerical schemes and algebraic formulations. We talk about its stability, non-
negativity, describe the endowed boundary conditions regarding on time dependency
that has been elaborately described in some books of the references [7, 9, 10, 11]

In Chapter 2, we studied the numerical solution of linear diffusion equation (DE).
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We show the numerical difficulties in the simulation for the DE, where the FDM is used
to resolve the Gaussian solution (See sec 1.2 of chapter 1 for the general solution). In
Sect. 2.1, we describe the total mass for DE for the different boundary conditions, in
particular we have tested numerically the result in the case of Dirichlet, periodic and
Neumann boundary condition. Numerical result is presented in Figure 2.1. A short
analysis on time integration and importance of positivity test in numerical simulation
is given in Sect. 2.2. Numerical results regarding stability and accuracy in the sense of
L,-norm (see sec. 2.3 [10]) are presented at the end of this chapter. For more details
see [7, 9].

In Chapter 3, we studied the numerical solution of porous media equation (PME).
We show the difference between PME and DE and difficulties in the simulation for the
PME, FDM is used to resolve the self-similar Barenblatt solution. (for more details
about self similar solution, see the book by Barenblatt [2]). In Sect. 3.2, we describe
the numerical schemes to solve PME and use to the standard porous media equation
([8, 15]) using the Neumann boundary condition. Numerical result regarding accuracy
is presented in Figure ?? and in Figure 3.7. By paying more attention to the movement
of the numerical interface for different adiabatic exponents is presented in Figure 3.8.
Results are compared with the exact Barenblatt solution and we conclude that implicit-
explicit scheme is better to solve the PME.

At the end in Appendix A, generated MATLAB codes are presented for all sim-
ulations.

v






CHAPTER 1

INTRODUCTION TO NUMERICAL
SOLUTION FOR DIFFUSION
EQUATION

Mathematics has applications in almost all subjects including physics, chemistry,
computer science and engineering. Biologists, sociologist,economists and psycholo-
gists have vastly benefited from mathematics in their work for drawing conclusions
and developing novel techniques of investigation.

In the past decades mathematical thinking has been intensively applied on natural
life sciences, especially in the field of ecology, physical processes in nature and many
biological phenomena in general. The common goal is to map observable features of
the real physical and biological processes to an abstract mathematical model and a
corresponding discrete numericalsimulation in order to gain new insights in the under-
lying real world objectives. Moreover, in several cases the mathematical description
of the real world system is the only possibility to provide reliable predictive analysis
for the underlying process of nature, which results in templates for, e.g., industrial or
medical purposes.

Many of those mathematical models are described by a (system of) partial dif-
ferential equations (PDEs). Well established laws of nature and their mathematical
counterparts have led to most of the development of suitable PDEs, e.g., heat conduc-
tion, fluid dynamics or deformation of solids. However, sometimes the development
and understanding of a particular mathematical model can only be tackled by a trial-
and-error approach, which is a two-step procedure. In a first step, the simulated results
are compared to experimental data and in a second step, these comparisons are used
to modify the mathematical model, i.e., most of the case it is the underlying PDE.
Hence, numerical simulations of PDEs are of tremendous importance when trying to
understand real world processes.

The finite difference method uses for the numerical solution of the equations of
fluid dynamics. The fundamental idea is straightforward and implementation is rela-
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tively simple. Approximations of various levels of accuracy can be readily computed
by the use of different finite difference formula. Consistency, stability and error anal-
ysis can be carried out.

1.1 Finite Difference Method (FDM)

The aim of finite difference method is to build a numerical scheme . It is based on
approximation of the differential operator. The derivatives are replaced by differential
quotients. Approximations of solutions are computed at the discretized space and time
with respect to the initial and boundary conditions.

Here, we present a short description on finite difference approach for a differn-
tial equation, describe the way of finding accuracy by using Taylor Expansion for the
simple differential equation, its discreatization in space and time. Then we introduce
the concept of Numerical Scheme in PDE and a brief description of the consistency
and stability of the secheme. In the end, method to solve the algebraic equation on the
basis of different schemes and approximation of Dirichlet and homogeneous Neumann
boundary conditions will be carried out at the same time.

The simplest finite difference approximation is the difference quotient. Con-
sider the differential equation 3y’ = wu(y) with initial condition y(«) = yo defined on

some interval I = [a; 3]. We desire to find a solution y(z). Many such problems
have no closed form solution and must be approximated numerically. Thus we let
{zog = x1; i ; Tp11 = O} be a partition of I and we define
Note that
Yir1 — Yi
2~ u(y), 1.1.2

Ao u(ys) (1.1.2)

so that,

Yir1 = Yi + u(y;) Aziq.

An important concern in FDM is accuracy. To find the order of accuracy, let x; be
given in grid of points where x;; — x; = Az for all 7, we will use the Taylor series
of u(x) for points in neighborhood of x; around z;. As an example, say we wish to
approximate v’ (xi) using a forward difference, meaning we will use the points x; and
x;11, then the Taylor series of u(z; ;) around x; is

w(wir) = u(z; + Az) = ul(x;) + o' () Az + u”(z;) (A;)Q +O((Ax)*). (1.1.3)
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So, if we subtract over u(z;) and solve for u'(x;) to get

() = ) ) @) B 4 o)), (1.14)

so we get our forward difference approximation of the first derivative at z;

o () = ”<x”1>A; U 4 o(ag). (1.1.5)

We note that this is a first order approximation to the first derivative. We say a
finite difference approximating an n — th derivative is of order m if we can write it as
a function of its neighbors,

n+1
u(z;) = Z a;u(z;) + O(Az™). (1.1.6)

i=0
Likewise, we could do a backward difference (using zi and x;_)

(Az)*
2

w(ri 1) = u(r; — Az) = u(z;) — u'(2)Ax + v’ (z;) +0((Az)?), (1.1.7)

and we get our backward difference approximation of the first derivative at x;

w(z;) — u(z;q)

Az

u'(z) = + O(Ax).

We can do this in general for any set of grid points in a neighborhood of x;,
for example we have a second order centered difference (using an balanced amount of
points on either side of z; like for instance using x;, 1, x;, and x;_;) approximation to
the first derivative we use the Taylor series

w(zip1) = ulx;) +u'(z;)Ax + u”(mi)M +u" (x;) (Az)

4
. -+ 0((Ax)Y), (1.18)

w(wi_q) = u(z;) —u'(z;)Ax + u"(:z:i)@Tx) —u"(z;) (Ag:) +0((Az)Y), (1.1.9)

subtract the equation 1.1.9 term from the the equation 1.1.8 to get
u(zir) — (1) = 2u'(z;) Ax + O((Ax)?),

SO

Ul(l’l) _ u($z+1)2;$u<le) + O((AZL‘)2),
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notice that the Ax? terms in the Taylor series cancel each other out giving us, after
dividing by Az, a second order centered difference approximation to the first deriva-
tive. Likewise, we can solve for a centered difference approximation to the second
derivative. Add the two above Taylor series and subtract 2u(x;) to get

w(zig1) — 2u(xy) +ulzi1) = u”(2;)(Ar)* + O((Az)?h) (1.1.10)
so we have
U($i+1) — 2U(Iz) + 'LL(ZL’Z'_1>
(Az)?
FDM creates a particular discretized system using finite differences which ap-

proximate the differential equation we wish to solve. We hope that this discretized
system will accurately approximate the solution of the differential equation.

u’(z;) = + O((Az)?), (1.1.11)

1.2 General solutions

Consider the following partial differential equations (PDEs)

ou ou
_ = > 2.
3t+a(“)x 0 for zx€eR, t>0 (1.2.1)
and 5 o
U U
=D > 2.
BT D&EQ for r€eR, t>0 (1.2.2)

with given constants a € R, d > 0, given initial value u(z,0) = ug(z), Vo € R
and the periodicity condition

u(z + L,t) = u(x,t), Vt>0. (1.2.3)

The reason for considering periodicity conditions is mainly for the ease of presentation
of the main concepts. Boundary conditions cause additional theoretical and numerical
problems, as we shall see gradually in later sections. Note that with this periodicity
condition we only have to compute the solution for 0 < z < L.

Equation 1.2.1 is an one-dimensional transport equation. General solution of
the equation 1.2.1simply is u(z,t) = u(x — at,0). Initial profiles are shifted (carried
along by the wind) with velocity a. The lines  — at constant in the (z,t) — plane are
the characteristics of this transport equation. Along these characteristics the solution
u(z,t) is constant.

The equation 1.2.2 is a diffusion problem. Insight in the behavior of solutions can be
obtained by Fourier decompositions. Consider

or(z) = ¥ for k€, (1.2.4)
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and,
(¢,9) = /0 o)y (x)dz. (1.2.5)

The functions ¢, will be called Fourier modes, and (¢, ) is an inner product for
the function space L[0, L], consisting of all square integrable complex functions on
[0, L] with identification of functions that differ only on sets of measure zero. The set
¢x, k € 7 is an orthonormal basis for this space. For any function ¢ € L,[0, L] we
have

r) =Y opdi(x), with oy = (¢, ), (1.2.6)

L
9117, :/O (@) de =) ax]”. (1.2.7)

Now, consider for the equation 1.2.2 with initial profile u(x,0) = ¢(x). To find the
solution, we apply the Fourier transform to the equation 1.2.2, we have

(¢, t) = Dig,(C, 1),
= 1; = D(i¢)*t = — D¢
Solving this O D E and using the initial condition above, we have,

(¢, 1) = G(Q)e P,

and,

therefore,

u(z,t) = 9 1)1/2/ e a(¢,t)d¢

ST A G
:E/_wemc {\/%/ e=70C 3 ) } =Dt

L e"(f”)CeDCQtdg} dxg

= 5 |0 {m
_ %27 / Z 6(w0) f (20 — 2)dzg

By applying inverse Fourier Transformation, we get

~—~

N 1 (z—aq)?
To— ) = e~ 4Dt 1.2.8

and consequently, the general solution of the diffusion equation 1.2.2 for, ¢ > 0 and
x,x9 € Ris given by
1 _(z—zg)®

e~ aDt 1.2.9
vVAar Dt ( )

u(z,t) =
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At t = 0 this is a Dirac delta function ¢y, so for computational purposes we must start
to view the solution at some time ¢t = ¢, > 0. Replacing ¢ by ¢, 4+ ¢ in 1.2.9 makes it
easy to operate with a (new) ¢ that starts at ¢ = 0 with an initial condition with a finite
width. At x = 0, (8) becomes

1
vVar Dt

while we consider that initial total mass is 1 > 0, Clearly, the concentration of particles
at any other point than zero increases, and the profile of the distribution takes the shape
of a bell with fatter and fatter tails as time increases. It is straightforward to notice that
at a fixed time ¢, the profile of u has fatter tails when the diffusion coefficient D is
larger. This corresponds to the intuition that a larger diffusion coefficient implies a
faster spreading process of the particles.

Remark. If u(z,t) is a concentration then fOL u(z, t)dx is the mass in [0, L] at
time ¢. This is a conserved quantity:

u(z,t) =

(1.2.10)

%/OL u(z, t)de = /DL wy(x, t)de = /OL —au(r,t)dr = —a(u(L,t) — u(0,1)),

due to the periodicity for equationl.2.1, and also since,

%/o u(x, t)dz :/0 w(z, t)dx :/0 Dugy(z,t)de = D(uy(L,t) — u,(0,1)),

due to the periodicity and homogenous Neumann boundary of the diffusion equation
1.2.2.

1.3 Discretizations

The first step in the discretization procedure is to replace the domain [0, L] x
[0, T'] by a set of mesh points. Here we apply equally spaced mesh points

x;=1Ax, i=0,...,Nzandt, =nAt, n=0,...,N;
Moreover, u]' denotes the mesh function that approximates u(z;,t,,) fori =0,..., N,
andn = 0,..., N;. Requiring the equation to be fulfilled at a mesh point (x;, t,,) leads
to the equation, where

(o, o) = (0,0),
and
(ZENZ,tNt) = (L,T)

After the construction of a numerical domain we define approximations of partial
derivatives. The basic differences are First order space derivative:
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e backward Euler difference

Ui — Ui—1
e N ———— 1.3.1
u Ay ( )
e forward Euler difference
Ui41 — Uy
g N ——— 1.3.2
u AL ( )
2nd order space derivative:
e centered difference
Uj41 — Ui—1
g S —— 1.3.3
u Ay (1.3.3)
Uir1 — 2U; + Uiy
- 1.3.4
and, time derivative is the first order forward Euler difference as:
n+l _ . n
up o 2 4 (1.3.5)

1.3.1 Space discreatization

In this section we shall consider some simple space discretizations on a uniform
grid x; = 1Az, i = 0,...,N,, with mesh width Az = 1/N,. Approximations
wi(t) ~ u(x;,t), 1 = 0,..., N,, are found by replacing the spatial derivatives by
difference quotients. This gives a finite difference discretization in space. Setting

w(t) = (wo(t), ..., wn, (1),
we then get a system of ordinary differential equations (ODFE's)
w'(t) = F(t,w(t)) (1.3.6)
with a given initial value w(0). Often we shall deal with an £ that is linear in w,

w'(t) = Aw(t) + g(t) (1.3.7)

Discretized equation for the Transport Problem
Consider the advection equation 1.2.1 with @ > 0 and Ax = h. The formula

1

ﬁ(u(x —h) —u(x)) = —u.(z) + O(h), (1.3.8)
leads to the /-st order upwind discretization
Wit) = Llwii(t) —wit)), for i=1,....N, (1.3.9)

h
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with wy(t) = wy, (t) by periodicity. This is of the form 1.3.26 with g = 0 and

-1 1
1 -1
. 1 -1
A=35
1 -1
1 -1
The formula )

ﬁ(u(:p —h) —u(z +h)) = —u.(x) + O*(h), (1.3.10)

gives the /] — nd order central discretization
wi(t) = 3 (wia(t) = wina (), for i=1....N, (13.11)

with wy(t) = wy, (t) and w, +1(t) = wy(t) by periodicity. This is of the form 1.3.26
with g = 0 and

For smooth profiles the // — nd order scheme is better, but the result of the // — nd
order scheme is also far from satisfactory: it gives oscillations, negative values and a
significant phase error.

Discretizations for the Diffusion Equation

Consider the diffusion equation 1.2.2 with D > 0. We have

1
ﬁ(u(x —h) = 2u(x) + u(x + h)) = —uz(x) + O(h?), (1.3.12)
gives the /1 — nd order central discretization, for the diffusion equation

wi(t) = %(wi_l(t) —2w;(t) + wip1(t)), for i=1,...,N, (1.3.13)

with wy(t) = wy, (t) and wy, 1 1(t) = wy(t) by periodicity. This is of the form 1.3.26
with ¢ = 0 and



1.3. DISCRETIZATIONS 9

1.3.2 Time Discreatization

We assume that, the equation 1.2.1, with solution u(x, t), has been discretized in
space, resulting in the semi-discrete system (of ODEs)

w'(t) = F(t,w(t)), (1.3.14)

with w(t) = (w;(t))Yr, € RN=, N, being proportional to the number of grid points in
space. Fully discrete approximations w* ~ u(x;, t,) can now be obtained by applying
some suitable O D FE method with step size k = At for the time levels ¢, = nk. In
the following we use w” = (w!*)*, to denote the vector (grid function) containing the
discrete numerical solution. The approach of considering space and time discretiza-
tions separately is called the method of lines (MOL). This is not a “method” in the
numerical sense, it is a way to construct and analyze certain numerical methods. For a

smooth solution it can be assumed that both the differential equation.

A typical MOL reasoning goes as follows: if we know that ||w(t) — wp(t)||
Ch? for our space discretization and the ODFE theory tells us that ||w(t,) — w"||
CkP, then we have an error bound for the fully discrete approximations

VARVAN

lwn () — w"|| < CKP + Che.

In this section we shall consider these concepts. For the ODE method we con-
sider, as an example, the § — method

W = w" + k(1 = O)F (tn, w") + ROF (t 1, w™) (1.3.15)

with, F(t,,w") = w'(t,) and as special cases the explicit (forward) Euler method
(0 = 0), the trapezoidal rule (§ = 1) and the implicit (backward) Euler method

(0 = 1). As we shall see, the order is p = 2 if § = 1 and p = 1 otherwise.

Explicit ODE methods always have a bounded stability domain. Application to
a transport equation will lead to a stability condition of the form

% <C (1.3.16)
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a so-called CFL-restriction (after Courant-Friedrichs-Lewy), where C' depends on the
particular method and space discretization. If the space discretization is central then
the eigenvalues will be on the imaginary axis, and the ODE method should be selected
such that a portion of the imaginary axis is contained in the stability region.

Application of an explicit ODE method to a diffusion equation will give rise to a
stability condition

Dk
W <C (1.3.17)

with again C' determined by the method and space discretization.

Since solutions of the diffusion problems often give rise to rather smooth solutions,
this time step restriction makes explicit methods unattractive for such problems. With
implicit methods we can avoid such restrictions.

As arule, with exceptions, explicit methods are more efficient for a transport equation
than implicit methods. For problems with significant diffusion the implicit methods
are in general to be preferred. In the appendices some ODE methods and stability re-
strictions are listed.

The MOL approach, where space and time discretizations are considered sepa-
rately, is conceptually simple and flexible. However, sometimes it is better to consider
space and time errors simultaneously: there may be cancellation of the various error
terms.

Explicit Scheme for Transport Equation

This is a one-step method in time, which is also called a two-level method in the
context of PDE’s since it involves the solution at two different time levels.

Consider I — st order upwind discretization for the transport equation (1.2.1),
with a > 0, given initial profile and periodicity condition at z = 0, L

wit = w + B(wl, — wl) (1.3.18)
where, = % and with a—h’“ < 1 for stability. This scheme is also known as the
Courant-Isaacson-Rees scheme. Matrix form for 1.3.18 is

Wt = AW
Denote by W™ the vector of R whose components are w?, . . . wi, 1 and
1-5 0 g
g 1-p 0
Ao g 1—05 0
g 1= 0
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The terms at the end of the first line comes from the periodic boundary conditions. We
use that wy = wy, and wi = wy, _;.Except on the two diagonals all the terms vanish.
If we insert the exact PDE solution into this difference scheme we get

k
W@, tnsr) = u(i, ) + %(um,l,tn)) Ykt Yi=1,...,N,

with a (residual) local truncation error
7= [(u + §Tutt +..) +a(u, — §Tuxx + )iy )
1 k

(1.3.19)

If we let 7 — 0 with A fixed, we just re-obtain the bound for the spatial error. We
see, however, that the error for the above scheme will actually decrease for 7 — 0, and
it will be less than the error of the semi-discrete system with exact time integration.

Explicit Scheme for Diffusion Equation

The computationally simplest method arises from using a forward difference in
time and a central difference in space for diffusion Equation 1.2.2 is,

ﬂ+1 _ wn

) i Dw?-i-l — 2w +wit, .
k h?

We have turned the equation into algebraic equation, also often called discrete
equations. The key property of the equations is that they are algebraic, which makes
them easy to solve. As usual, we anticipate that u? is already computed such that "
is the only unknown in Solving with respect to this unknown is easy:

w

(1.3.20)

w:ﬁl =ul + F (w’?-i-l — 2w + w?_l) . (1.3.21)

where,

k
F = Dﬁ . (1.3.22)
We now apply a backward difference in time in 1.2.2, but the same central dif-
ference in space:

P _ Dw?ﬂ — 2w +wit,
k h? ’
Now we assume u; ~ is computed, but all quantities at the new time level n
are unknown. This time, it is not possible to solve with respect to u;" because this

value couples to its neighbors in space, u;"_; and u;, ;, which are also unknown. Let us

(1.3.23)

1
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examine this fact for the case when N, = 3. Equation (6) written for: = 1,..., N, —
1 =1, 2 becomes
wp —wit Dwg — 2wy + wy
k N h?
wh — wy B Dwgb — 2wy + wy
k N h?

The boundary values wy and wy are known as zero. Collecting the unknown new
values w} and w? on the left-hand side gives

(1+2F)w} — Fuy = wi™,
—Fw! + (14 2F)wy = wy™ .

This is a coupled 2 x 2 system of algebraic equations for the unknowns w} and w3 The
equivalent matrix form is

14+2F —F wr\ wp!
—F  1+42F wy )\ wp!

In the general case, equation 1.3.21 gives rise to a coupled (N, — 1) x (N, — 1)
system of algebraic equations for all the unknown " at the interior spatial points 7 =
1,..., N, — 1. Collecting the unknowns on the left-hand side can be written

—Fuwl, + (1 +2F)w! — Fu},, = wj} (1.3.24)

fori =1,..., N, — 1. One can either view these equations as a system for where the
w* values at the internal mesh points, 7 = 1,..., N, — 1, are unknown, or we may
append the boundary values wg and wy, to the system. In the latter case, all w;' for
¢t = 0,..., N, are unknown and we must add the boundary equations to the N, — 1
equations in 1.3.21. A coupled system of algebraic equations can be written on matrix
form and correspond to the matrix equation

AWt =W (1.3.25)
where W = (wyg, ..., w}, ), and the matrix A has the following structure:

Ao Ags 0 oo e 0
Arp Ain O :

0 Asr Azp Asg

. . . 0

A=
0 A A A
" » - 0
: - - . AN, —1.N,
0 cor e e 0 An,no-1 An,n,

(1.3.26)
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The nonzero elements are given by

Aiior=—F
A, =142F
Ajjip1=—F
for the equations for internal points, 2 = 1, ..., N, — 1. Other points,

Ao,o; Ao,1; ANI,NZ—l; ANZ,NIQ

takes the value from the boundary condition.
The right-hand side W is written as

W,

We observe that the matrix A contains quantities that do not change in time. Therefore,
A can be formed once and for all before we enter the recursive formulas for the time
evolution. The right-hand side b, however, must be updated at each time step.

Implicit Scheme for Transport Equation

Consider the advection equation (6),

u; + aug, = 0.

Discretization using a backward difference in space and in time gives the scheme

(1+ Bw™ = puwit] = wf (13.27)
In this case the scheme 1.3.18 can be written in matrix form
BW™H =W
Denote by TW" the vector of R whose components are w{, ..., wf _; and
1+8 0 -
-5 1+8 0
- 1+ 0
B = ’ : ’ :
-8 1+8 0
0 -8 148

The terms at the end of the first line comes from the periodic boundary conditions. We
use that wy = wy, and w} = wy, _;.Except on the two diagonals all the terms vanish.
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Implicit Scheme for Diffusion Equation

Using a forward difference in time and a central difference in space for Diffusion
Equation (1.2.2), an Implicit scheme is,

it —wr w2t 4w
k h? '

As usual, we anticipate that v} is already computed such that u** is the only

unknown in solving with respect to this unknown is easy:
wtt = w! + F (wi — 20! +wMl)
or,
(14 2F)w!*" — F(wih + wif) =)'
where,
k

fori =1,..., N, — 1. One can either view these equations as a system for where the
w*! values at the internal mesh points, i = 1,..., N, — 1, are unknown, or we may

append the boundary values wy and wy; to the system. A coupled system of algebraic
equations can be written on matrix form and correspond to the matrix equation

BW"™ =W (1.3.28)
where W = (wyg, ..., wy, ), and the matrix B has the following structure:

B070 BO,I 0 e P N N N 0
Bip Bigx 0 .
0 Bsy Bas Bss

0 Bii1 Bii Biin

0
: ‘. * . . BNJL‘_lva
0 0 By, n.-1 DBy, N,
(1.3.29)
The nonzero elements are given by
Biji1=-F

)

B =—F
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for the equations for internal points, 2 = 1, ..., N, — 1. Other points,

Bo,o% Bo,l; BN,T,NI—M BNz,Nm;

takes the value from the boundary condition.
The right-hand side W™ is written as

Wo
w1

Wn

wy

W,

x

We observe that the matrix B contains quantities that do not change in time. Therefore,
B can be formed once and for all before we enter the recursive formulas for the time
evolution. The right-hand side W", however, must be updated at each time step.

Since the diffusion equation is so called stiff”, and hence this is an implicit
method, which allows much larger time steps to be taken than an explicit method, is a
very efficient method for the diffusion equation.

Crank-Nicolson Scheme

Another one-step method, which is much more useful in practice as we will
see in chapter 2 is the Crank-Nicolson method which is an implicit-explicit method.
The idea in the Crank-Nicolson scheme is to apply centered differences in space and
forward differences in time, combined with an average in time and can be represent as:

wit —wp Wi = 20wy + wihh = 2wt W] (13.30)
h 2h? ’ o
and solving as to find again w! ™ as:
with = wl + T8 (wiy — 20! +wi g+ wi =20 M) (1.3.31)
or,
2w+ (L4 20wt = Aol = Al — (1 =20 w! + ol ,,  (1.3.32)
where, L
D 1
= =_F (1.3.33)

T 2R 2
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where Di
F=—

h?’
Also here, as in the Backward Euler scheme, the new unknowns w;"*!, w**, and w7}

are coupled in a linear system =l
AW = BW™ (13.34)
and find numerical updated solution as:
W = (AT Bwe (1335)

where A has the same structure as in 1.3.26, but with slightly different entries:

1
Ajjr=—5F
’ 2
1
A = —§F
and, has the same structure as in 1.3.29, but with slightly different entries:
1
Biji1=ZF
’ 2
1
Biiy1 = §F
for the equations for internal points, 7 = 1,..., N, — 1.

for other points, Ago; Ao1; An, N.—1; AN, N, 3 Do, by, takes the value from the
boundary condition.
The right-hand side W™ is written as

Wo

W =

wy

WN,

T

1.3.3 Boundary Conditions

Periodicity conditions do not often occur in practice. It is more common to
impose Dirichlet conditions, where the values at the boundaries are prescribed,

uw(0,t) = ap, u(L,t) = ay, (1.3.36)
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or, more general, with time dependent boundary values o () and a4 (¢). In the linear
transport equation 1.2.1, we need only condition at the inflow-outflow boundary, that
is,atx =0ifa>0andatx = Lifa < 0.

On the other hand, in the linear diffusion equation 1.2.2, if D > 0 then the
Dirichlet condition (1.3.36) at the outflow boundary will give rise to a boundary layer.
A boundary layer of this type will be absent if the homogeneous Neumann condition
u, = 01s imposed at the outflow boundary. If @ > 0 we then have

w(0,t) = ap, uy(L,t) =0, (1.3.37)

With this condition rapid changes may still occur in the spatial derivatives of u, but
u itself will not show the nearly discontinuous behaviour that arises with Dirichlet
conditions. In practice, finding correct boundary conditions is a difficult task for the
modellers, and much physical insight is needed for systems of equations. Boundary
conditions also give rise to several numerical difficulties, some of which will be shortly
addressed in this section.

For instance, consider the advection equation
u +uy; =0 (1.3.38)

for 0 < z < L, with given inflow condition u(0,t) = a(t) and outflow condition
as, u, (L, t) = 0 with initial profile u(x,0) = uy(z). For the numerical simulation, let

h=L/N,and x; = jhfor j =0,..., N,. Second order central discretization gives
1 .
w;(t) = %(U)jfl(t) _ijrl(t))’ V,] = 1,...,Nx (1339)

with wy(t) = ao(t). Here wy,,, (t) represents the value at the virtual point zy,41 =
L+ h. This value can be found by extrapolation, for example in the form of §— scheme
for 1.3.38,

wa-H = HwaH (t) + (1 — G)wNz(t) (1340)

So that, if we consider § = 1 boundary condition takes the form by constant extrapola-
tion and if, & = 2 it takes the form by linear extrapolation. The last choice seems more
natural; in fact we can then apply the / — st order upwind discretization at the outflow
point.

Neumann boundary condition for the spatial accuracy

Let, the spatial truncation errors for each grid point be

O'h(t) = (0'h71(t) Ce ;O-h,Nx(t))a (1341)

for the transport equation 1.2.1 with @ = 1 and we find o}, ;(t) = O(h?) for j < N,,
whereas at the outflow point in 1.3.40 is
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d 1
Oh,N, = %u(t, xNz) - ﬁ(au(tyl'Nz) - eu(ta xNz+1))7
1 1
= =32 Ot = (Ot N, )

So, for the space truncation error we have the bounds
o]l = O(h%),  llonll, = O(*F2),  |lonll, = O(h**Y),

in the L., Ly and L norms, with s =0if# = 1land s = 1if 0 = 2.

Then, the error is,
[wn(t) — w(t)|| = O(r*F)

for all three norms and in numerical simulation we have

0 —1 0
1 0 -1 0
1 0 -1 :
A=g L on=| o [Ch+Om
1 0 -1 :
6 —0 1

with C' = —%UI(L, t)if @ =1, and C = —%um(L,t) if 6 = 2 and, hence, a matrix
form of 1.2.1 for a = 1 gives
AC = Op,

where, ||| = O(h*™!) in the L., L and L; norms.
Now, consider the diffusion equation 1.2.2 for D = 1 is

with, initial value u(x,0) = uo(z), and, boundary conditions, u,(0,t) = 0, u,(L,t) =
0, truncation errors for each grid point are as same as 1.3.41.

IT — nd order central discretization for the diffusion equation 1.3.42,

1

wi(t) = ﬁ(wifl(t) = 2wi(t) + win (1)), for i1=1,...,N, (1.3.43)
The homogenous Neumann condition at x = 0 and x = L can be discretized as
o (wo(t) — wi(t)) = 0 and, 5= (wn,,, (t) — wn,_, () = 0 respectively.

Thus we set, with parameter, ¢ in the equation 1.3.42, we have,

wy,,, = 0wy, 41(t) + (1 = )wn, (t) (1.3.44)
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Neumann condition are valid at xy = 0 and xy, = L. This implies that u,(0,¢) =
uz(L,t) = 0. Inserting the exact solution in the difference scheme, we find a /I — nd
order truncation error, except at o and xy, where

1
Oh1 = Egumc + O(h2>7

1
OnN, = §9um + O(R?).
So, for the space truncation error we have the bounds
lonlle = O(R?), lonlly = O(R?),  llowll, = O(h?),
in the L., Ly and L; norms and in numerical simulation we have,

p —p
1 =2 1
1 -2 1

where, p any value that we could choose.

1.4 Monotonicity

Many spatial discretizations produce oscillations and negative values. In numer-
ical simulation it is seen that with MOL discreatization for finite difference model of
chemical reactions may lead to negative values and so instability can occur. In this sec-
tion we study monotonic scheme under the consideration of those features mentioned
above.

For the equation 1.2.1 and 1.2.2 we know, by physical interpretation,
u(z,0) >0, V,x—u(x,t)>0,Yr and t >0,

space discretizations may destroy this property. We would like to have a criterion that
tells us when positivity is preserved. Consider a semi-discrete ODE system

w'(t) = F(t,w(t)). i=1,...,N,
This system will be called positive if
w(0) >0=w(t) >0 forall t>0.
Positivity may also imply a maximum principle,

min;w; (0) < w;(t) < max;w;(0),forall ¢ > 0.
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Positivity for transport equation discretizations

Consider the transport equation 1.2.1,

us + au, = 0.

The general spatial discretization formula

1 < _
w;i(t) = 7 Z VeWirk(t), i=1,..., Ny,

k=—s

with w;(t) = w1, (t) to impose the periodicity condition. Here we use r grid
points to the left and s to the right of x; so that in total »+ s+ 1 points are used. The set
Ti_r, ..., Tirs 1s called the stencil of the discretization around x;. With wider stencils
higher orders can be achieved. With w;, y, = w;. The spatial truncation error is

1 1 1
w(z,t) = Eu(m + kh,t) = —au, — 7 Z%(u + khu, + §k2h2um + . )| @)
1
= —E’yku — (a+ ; ki) ug - - - (-
(1.4.1)
The conditions for orders are

Z’Ykzoazk%:—a,---,qu%:oa
s k K

where, ¢ is the order of £ in Taylor series for the equation 1.4.1 we see that the require-
ment for positivity is,
e = 0, (1.4.2)

for all, & # 0. This is satisfied by the [ — st order upwind discretization, which is
very inaccurate and very diffusive. Unfortunately, it is also optimal under the positive
transport discretizations: For, ¢ > 2, we then have, & k;27k = 0, and therefore, from
the inequality 1.4.2, we get

g<1.

Furthermore, if, ¢ = 1 then the leading term in the truncation error is propor-
tional to Y, k7, and since we have >, kv, = —a, it follows the inequality by 1.4.2

Z sz}/k Z a,
k

and the minimal error coefficient, Y, k?y; = a is achieved by the I — st order upwind
discreatization.
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Positivity for Diffusion Discretizations

In the same way as for the tansport equation, we can consider linear discretiza-
tions for the diffusion equation
Ut = Du;m’a

with periodicity condition and given initial values. A general formula for the spatial
discretization is

with w; 1y, = w;. We assume that s = r and v — k = 7, symmetry in space.
For the the symmetric discreatization the spatial truncation error is

1

1 1.5
= —Du,, — e g’yk(u + khu, + §k R Uy + . )| (@)

1 1
=13 Zyku + (d — 3 Z 1S (P Py
k k
So, the conditions for order ¢ (q is even, due to symmetry) are

ZVk:O’ZIf?’Yk:?D,Zk‘*%:0...,qu~yk:0_
k k k &

We can see, positivity preserve for the diffusion equation 1.2.2 for ¢ < 2r.

1.4.1 Monotone scheme
Consider an equation:

w4+ f(u) =0,V — 00 <z < oo, (1.4.3)

subject to the initial condition,

u(z,0) = ®(z), ,V—oo<x<00.

A finite difference scheme

+1
U? = H<U?—k7 Uzn—k—s—l’ s 7'Uzn+k)7 (144)

is said to be monotone if H is a monotone increasing function of each of its arguments.
Let,

n+1l __ n n n
of T = Hy(vly, Vikt15 - - - 7Ui+k)

. . . N " (1.4.5)
=Y — A(hf<vifk+17 . >Uz‘+k) - hf(vifkv . 7Ui+k71>)7
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be a finite difference approximation to 1.4.3 in conservation form, i,e.,

which 1s monotone as
OHy

8wi

(w—k7 R ,U)k) 2 07

forall -k <i<k.

1.5 System of Nonlinear Equation

The boundary value problem become nonlinear due to the nonlinearity of the
governing differential equations, or of the boundary conditions or both. Most physical
problems actually nonlinear. There is no difficulty in applying the FDM to discreatize
a nonlinear problem; but the difficulty is associated with the solution of the result-
ing system of algebraic equations. One important technique can be solve efficiently
the nonlinear algebraic equation, known as The Newton-Raphson method, or Newton
Method.

It is a powerful technique for solving equations numerically. As in the differen-
tial calculus, it is based on the idea of linear approximation. The Newton Method, is
a method for finding successively better approximations to the roots of a real-valued
function or to the zeros of a complex-valued function.

1.5.1 The Newton-Raphson Iteration

The idea of the method is as follows: let f(x) be a well behaved function, and
let  be a root of the equation f(z) = 0. We start with an estimate z( of . From x,
we produce an improved-we hope-estimate x;. From x;, we produce a new estimate
xo. From x5, we produce a new estimate 3. We go on until we are close enough to
r. The above general style of proceeding is called iterative. Of the many iterative root-
finding procedures, the Newton-Raphson method, with its combination of simplicity
and power, is the most widely used.

Let zy be a good estimate of r and let » = xy + h. Since the true root is r, since h
is ’small,” we can use the linear (tangent line) approximation to obtain that h = r — z,
the number ~ measures how far the estimate z is from the exact line.
So that, we have,

0=f(r)= f(zo+h) = f(xo) + hf'(x). (1.5.1)
As a result unless f/(zg) is close to 0 we have
h~— f (o)

f'(wo)



1.5. SYSTEM OF NONLINEAR EQUATION 23

It follows that

f(x0)
= h~zy— .
r ==+ T (o)
Our new zero iteration z; of 7 is therefore given by
f(x0)
e f’(xo)'

The next estimate x» is obtained from x; in exactly the same way as x; was obtained
from xy The second iteration is,

f(ﬂfl)

Lo = T1— 7~

f(x1)’

and so on. Continue in this way. If x,, is the current estimate of (n-1)’th iteration, then
the next estimate z,, 1 is given by

n

(1.5.2)

After each iteration we check to see if the convergence condition

|Tpna1 — xn| <,

is satisfied, where the parameter € called tolerance. It is better to choose small param-
eter € in numerical simulation.

1.5.2 Geometric interpretation

Figure 1.1 represents the curve y = f(z) meets the x — axis at r. Let a be
the current estimate of r. The tangent line to y = f(x) at the point (zo; f(xo)) has
equation

y = [(x0) + (x — 20) f'(0). (1.5.3)
Let, z; be the x — intercept of the tangent line. Then
f (o)
= To — . 1.54
L1 = o F'(20) ( )

The new estimate x; is obtained by drawing the tangent line at z = x, and then sliding
to the  — axis along this tangent line. Now draw the tangent line at (z;; f(z;)) and
ride the new tangent line to the x — axis to get a new estimate c. and continue like this
until converge to the root r.
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k)

N
e /Xl x0 7

Figure 1.1: Newton-Rapshon procedure, where: x; is just the 'next’ Newton-Raphson
estimate of 7.

We can use the geometric interpretation to design functions and starting points
for which the Newton Method runs into trouble. For example, by putting a little bump
on the curve at x = xy we can make x fly far away from ».When a Newton Method
calculation is going badly, a picture can help us diagnose the problem and fix it. It
would be wrong to think of the Newton Method simply in terms of tangent lines. The
Newton Method is used to find complex roots of polynomials, and roots of systems
of equations in several variables, where the geometry is far less clear, but linear ap-
proximation still are accurate. The initial estimate is called z, is called a guess. The
Newton Method is prefers well if z is close to 7, and can lead to large otherwise. The
guess, xo should be chosen with care.

1.5.3 The Convergence of the Newton method

Suppose x, is a root of f(x) = 0 and x,, is an estimate of x,. s.t. |z, — x,| =
0 << 1. Then by Taylor series expansion we have

0= fa) = faa+0) = Fle) + Fla)ee— )+ (e, — 22 (155
for some ( between x,, and x,.. From 1.5.2 we know that
Tp4+1 = Tp — %7

i.e. using 1.5.2 in 1.5.5 we get say, ¢, = (z, — x,), €,41 = T, — Tp41, Where
€n, €ny1 denote the error in the solution at n'* and (n + 1) iterations. Therefore

IO

T T,y

(1.5.6)

2

= epy1 X €.
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Thus, Newton-Raphson method is said to have quadratic convergence. That is,
the difference between the root and the approximation is squared (the number of accu-
rate digits roughly doubles) at each step. However, there are some difficulties with the
method.

For example, let f(z) = z? — 1if z = 1, f(1) = 0. Then the behavior of f(x) near
1 gives no conclusion to the fact that f(1) = 0. So that, successive approximation
Newton-Raphson method can’t arrive at the solution of f(x) = 0.

We assume that f () is smooth. We suppose that f”(x) exists and it is continuous
near root . The tangent line approximation is an approximation. Let’s try to get a
handle on the error. Imagine a particle traveling in a straight line, and let f(x) be its
position at time z. Then f’(x) is the velocity at time z. If the acceleration of the
particle were always 0, then the change in position from time z to time zy + h would
be hf'(zg). So the position at time xo + h would be f(xq) + hf'(xo) note that this is
the tangent line approximation, which is called the zero-acceleration approximation.
If the velocity varies in the time from xy to z( + h, then in general the tangent line
approximation will not correctly predict the displacement at time zy + h. And bigger
acceleration gives a large error. It can be shown that if f is twice differentiable then the
error in the tangent line approximation is 14 f”(c) for some ¢ between zo and xo + h.
In particular, if |f”(x)| is large between 20 and zy + h, then the error in the tangent
line approximation is large. Thus we can expect large second derivatives to be bad for
the Newton Method. These informal considerations can be turned into positive side
f(x)
f'(@)
too large from near r, and we start with an xy close enough to r, the Newton Method
converges very fast to r. thus, the study of the convergence of the Newton Method is
an important area of Numerical Analysis.

Now, consider the following system of /NV-algebraic equations:

about the behavior of the error in the Newton Method. For example, if ‘ ’ is not

f1<l’1,fl,’27 e 7.I'n) = 0

fg(l'l,xg, ce ,l'n) =0

(1.5.7)

folz1, 29, ... 2,) =0

We need to find x, 2o, ..., x, such that this system of equations is satisfied. To de-
velop the iteration scheme, the equation are written in the vector form as

F(X)=0
and it’s Taylor series expansion is considered

F(X™) = F(X™) + g—i(xm“ —X™) + ... (1.5.8)
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We need F'(X™%!) = 0. The Taylor series is turncated and this condition is imposed

to obtain
oF

F(X™) 4+ — (X" - X™) =0 1.59
(X™) + 5= )=0, (159)
which is solved for X™*! as
oF
Xerl:Xm - _leXm
(") = (5)FX™),
where g—f; 1s the Jacobian matrix J defined as
of1 oh
By B
J =
0fa O

9z, " Oitm



CHAPTER 2

NUMERICAL SIMULATION OF
DIFFUSION EQUATION

We consider basic numerical techniques for solving the one-dimensional dif-
fusion equation. the aim is to study the behavior of solutions of this equation and
how this behavior depends on boundary conditions.we consider the implicit-explicit-
method and analyze the total mass.

At first we focus on Numann boundary condition, since, in case of homogenious Neu-
mann boundary condition, there is no in-flow and out-flow flux at the boundary, so that
Total mass will be conserved, i.e, total mass will be constant for all time. This case
will be same for periodic boundary condition, i.e, Total mass will be conserved too,
because as same as homogeneous Neumann boundary condition there is now flux flow
at the boundary for this case.

Next, we consider Dirichlet boundary condition u(0,t) = u(L,t) =0 Y,z € [0, L]
for all time (¢t € [0, 7)), that is, mass at the boundaries will depend on incoming and
outgoing flux at the boundary and the total mass will decrease towards final time.

2.1 Total mass

Evaluation of conserved quantities such as mass is one of the fundamental phys-
ical principles used to build mathematical models in the natural sciences. Numerical
simulations are very useful methods to describe mass propagation phenomena for the
linear diffusion equation 1.2.2 and total mass, M implies

L
]\/[:/ u(z,t)dx forall,t € [0,T]. (2.1.1)
0

Time derivative of M gives

dM d L L L
— = —/ u= / 2udx = / Dug,dx = Du,(L,t) — Du,(0,t) (2.1.2)
at  dt J, , ot A

27
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Equation 2.1.2 implies that the total mass is conserved for the periodic boundary
condition as u(0,t) = u(L, t) and for the homogeneous Neumann boundary condition
as u,(0,t) = u,(L,t) = 0. In these two cases there are no flux through the boundary
condition, thus the total mass is constant for all time.

For numerical point of view for the explicit scheme the total mass is

M" = M(t") = > Az, (2.1.3)
j=1

and, for the Trapizoidal rule, the total mass is
n—1

1 1
M" = M(t") = ZujA:E + éule + §u0A$ (2.1.4)

Jj=2

Numerical Simulation

In numerical simulation the computation of the mass depends on the mesh refine-
ment, more smaller of the space Az gives the accurate numerical result as compared
with the exact value.

We study the total mass for the equation 1.2.2 in the case of periodic, Dirichlet and
Neumann boundary condition with the initial value

w0y {040 <z <060
10 otherwise

According to our initial condition the total mass for the periodic boundary con-
dition or for the homogeneous Neumann boundary condition is

0.6
M = 5dr =5%02=1 (2.1.5)

0.4

Now our interest to find the time evolution of the total mass for the equation 1.2.2 in
the case of three different boundary conditions (periodic, Dirichlet and Neumann) with
the defining initial value.

Where, for all simulation we consider

e Diffusion coefficient: D =1,

e Space length from O to 1.,1.e. 0 <z < 1,
e space step size: Az = 1/100,

e Time step size: At = (Az)?/D
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Figure 2.1: Time evolution of the total mass of the equation 1.2.2 with D = 1 with
periodic (on the left), Dirichlet (in the middle) and homogeneous Nuemann (on the
right) boundary condition

Figure 2.1 represents the time evolution of the total mass. We simulate from initial
time ¢, = 1 to the final time 7" = 5 for the Dirichlet boundary condition and observe
that the total mass is constant until initial time ¢, = 1 and then started decreasing. At
the final time 7" = 5 we see that the total mass becomes almost zero which satisty the
theory for the total mass in the case of Dirichlet boundary condition. For the periodic
we simulate from initial time ¢y = 1 to the final time 7' = 500 and homogeneous
Neumann boundary condition from initial time ¢y = 1 to the final time 7" = 1000, we
see that the total mass is conserved for all time due to no flux flow at the boundary.
We also notice that for all simulations time evolution of the total mass is not exactly 1 as
for the exact calculation that we have found in equation 2.1.5. The reason is numerical
error and that could be better if we refine our mesh and make its size smaller.

2.2 Time Integration

Stability is an important property of numerical schemes. Stability of numerical
schemes is connected with both special and temporal discreatization, In this case of
linear equations for the schemes can be written as a linear condition of values at nodes
and it is possible to find condition at At, finding strict condition for time step is cum-
bersome.

In practice, thus it is particular interest for implicit schemes which are used with
large time steps has a benefit from the favorable stability. To do so, we can consider
f — scheme, where we know, if § = 1, it executes as implicit Euler scheme, and when
0 = 1/2 it executes as implicit Trapizoidal rule. However, in both implicit schemes it
needs to satisfy positivity property on time integration methods, because, theory tells
that, if @ < 1/2 it is unconditionally stable, but, when 1/2 < § < 1 it gives oscillation
under the violation of positivity property which is % < 1, but by the fully implicit
Euler scheme (f = 1) we can simulate our model as much time as we can without
notable oscillation, in other words, implicit Euler method is unconditionally positive
for all time.

Positivity properties put restrictions on time integration methods. In this section we
are going to discuss the positivity for the # — method and we study the importance to
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chose a scheme for the time consideration in practice.

Further, it should also be noted that, for the linear diffusion equation 1.2.2 numerical
diffusive terms are usually very stiff, that is, some numerical result take place on very
small time scales compared to the overall time scale, due to large diffusion constants.
This implies that such terms have to be solved implicitly, which makes them difficult
and time consuming.

Moreover, with large diffusive constants for the numerical schemes has drawback too.
A very simple example, consider, f(¢) = —D(¢? with reaction constant D >> 1. Then
solutions of '(t) = f(((t)) are only stable if we start with ((0) > 0. With (0) < 0
there will be a blow-up of the solution.

2.2.1 Positivity of Numerical Scheme
Linear Positivity

A linear, semi-discrete scheme for diffusion equation can be written as

w'(t) = Buw(t) (2.2.1)
where, w = u(z,t), and w'(t) = Su(x,t). B € R™" satisfies for the time discreati-
zation

bij >0 for i#j and b; > —p3, forall i, (2.2.2)

where, 5 > 0 is a fixed number.
Let us consider the forward and backward Euler methods. Equation 2.2.1, becomes for
the forward Euler method as,

wit = (I + AtB)w}, (2.2.3)

where we can see that I + AtB > 0 provided 1 + Atb; > 0. This holds if the time
step satisfies such that
At < 1. (2.2.4)

The backward Euler method gives
witt = (I — AtB) 'wl, (2.2.5)

Suppose that B has no eigenvalues in the positive real axis. Then I — At B is invertible
for all At > 0 and thus the implicit relation in the backward Euler scheme has unique
solution. In fact, this solution is also positive.

In case of, # — method since it’s a Explicit-Implicit scheme, that is

witt = wl + (1 — 0)AtBw] + 0AtBw!, (2.2.6)

according to the previous result, positivity is guaranteed if the step size is restricted
such that
At <1/(1-80). (2.2.7)
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Numerical Simulation

For, sufficiently small time step, it is difficult to understand the difference be-
tween Trapizoidal rule and backward Euler scheme because, then § — method meets
the criteria for the positivity condition, i.e, SAt < 1, but if we consider time step
At large, numerical result shows that, for the backward Euler scheme (# = 1) in
6 — method has no oscillation where as for # = 1/2, that is, for the Trapezoidal rule,
we have oscillated result.

Thus, for the time integration method, for a large time step in order to get best
approximated result in numerical computation, it is important to use Implicit Euler
method than Explicit-Implicit scheme to avoid negative values and oscillation.

As an illustration we consider a diffusion equation with homogeneous Dirichlet bound-
ary condition value problem

Ou=0pu z€(0,1), t>0
w(0,6) =0, >0 2.2.8)
u(l,) =0, t>0

on the interval [0,1] with a discontinuous initial condition:

w0y = { 0 H0Sw<05
T 1 iR05<a <1

we use space a second order central difference discretization that gives positive ap-
proximations

Opptt(z,t) = —

Time evolution of the solution At = Az = 1/50 for the backward Euler and the
Trapizoidal rule is presented in Figure 2.2

A sufficient condition for positivity of the Trapizoidal rule is A%tg < 1, which
is clearly not satisfied here. The behavior of the trapezoidal rule in this example is
actually determined by several properties.

Due to lack of positivity the scheme produces large over- and undershoots in the
initial phase. Secondly, due to the poor damping properties of the trapezoidal rule,
these over- and undershoots persist for a long time. Moreover, due to the fact that
R(z) = —1 for z = —o0, high-frequency spatial Fourier modes are amplified by a
factor close to —1, and this causes the oscillatory behavior in the figure 2.2.

In practice, problems with positivity are not very often encountered with linear
parabolic equations. The solutions for such problems are in general rather smooth and
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discontinuous diffusion solution with implicit Euler discontinuous diffusion solution with Trapizoidal Rule

Numerical solution
MNumerical solution

space(x) oF v timett) space(x) time()

Figure 2.2: Discontinuous diffusion solutions with backward Euler (left) and the trape-
zoidal rule (right). Time evolution for increasing ¢ in upper-right direction.

then negative values will not show up due to sufficient accuracy. Also in the discontin-
uous example presented here that tells us to focus on negative values in computations,
negative values could have been avoided by starting the trapezoidal rule with small At
and then gradually increasing the time step.

2.3 L,—error

When we study finite difference scheme to solve a differential equation, it is
generally a good idea to test the order of accuracy of a scheme to ensure that it is
producing correct results with the expected accuracy. How can we do this?

A first step is often to try on a problem for which the exact solution is known,
in which case we can compute the error in the numerical solution exactly. Not only
can we then check that the error is small on some grid, we can also refine the grid and
check how the error is behaving asymptotically, to verify that the expected order of
accuracy and perhaps even error constant are seen.

To do so, we shall focus on two types of normed based error estimates for the
finite difference method, one is L,- norm and another one is L.,—norm. These two
types of estimates serve very different purposes. The main feature of these estimates
is that they tell us the order of convergence of a given finite difference method, that
is, they tell us that the finite difference error. The goal of these estimates is to give
us a reasonable measure of the efficiency of a given method by telling us how fast the
error decreases as we decrease the mesh size. In adaptive mesh refinement, a time
influence error estimators are used to indicate where the error is particularly high, and
more mesh intervals are then placed in those locations.

Before going to describe error estimation, in the next section we are going to
give some numerical simulation to show the importance to check errors in numerical
methods.
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Numerical Simulation

It is important to test a computer program by refining grid even if the results
look quite good in one particular grid. A subtle error in programming can lead to a
program that gives reasonable results and able to track location to the exact solution
more accurately. To see this, consider the following example

Owu = D0pu x€]0,L], tel0,T]
u(z,0) = f(z) z€]0,L] (2.3.1)
u(0,t) =u(L,t), t>0

We study the qualitative behavior of the numerical solution and results are com-
pared with exact Gaussian solution (1.2.9). For the numerical simulation we choose
initial value u(x, 0) is a Gaussian solution at initial time ¢, = 0.1. Figure 2.3 represents
the difference between explicit and implicit scheme at the final time 7" = 5. Without
taking care of CFL condition, we choose time step At as equal to space step Az = 0.1,
from left to right we plot the result for explicit forward Euler scheme, implicit back-
ward Euler scheme and implicit-explicit Crank-Nicolson scheme and compared the
result with Gaussian solution GG by the formula in 1.2.9. Although definite conclusions
cannot be drawn from the simple test, but from this plot it is clear that the implicit
discretizations give quite good results compared to their explicit counterparts in terms
of accuracy for the large time steps.

Figure 2.3: Numerical solution at final time, 7" = 5 the diffusion equation for For-
ward Eluer scheme (on the left), Backward Eluer scheme (in thev middle) and Crank-
Nicolson scheme (on the right) with periodic boundary condition, where diffusive con-
stant D = 1, space step Ax = 0.1. Result are compared with Gaussian solution.

We now pay more attention to the movement of the numerical solution by con-
sidering CFL condition. We take CFL condition At = 0.5 * Az? and plot the result in
Figure 2.4. We see at final time 7" = 5 we see all schemes are now giving good results
and can able to track exact Gaussian solution more accurately compare to the Figure
2.3.

To get better approximation we see explicit scheme needs small time steps such
as At = 0.005 where as implicit scheme doesn’t need to take care of time step re-
striction to get good result for the equation 2.3.1 but smaller time step find larger final
time which is time consuming and laborious in numerical simulation. We conclude
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Figure 2.4: Numerical solution at final time, 7" = 5 the diffusion equation for For-
ward Eluer scheme (on the left), Backward Eluer scheme (in the middle) and Crank-
Nicolson scheme (on the right) with periodic boundary condition, where diffusive con-
stant D = 1, space step Az = 0.1. Result are compared with Gaussian solution.

from both Figures 2.3 and 2.4 that the implicit scheme is a good choice to simulate the
equation 2.3.1 but concluding the result by the accuracy point of view, it is important
to check numerical error from each grid points.

Now we study numerical for the implicit backward Euler scheme. Figure 2.5
represents from the previous results as in Figure 2.4, if we fix time steps i.e At =
0.0005 at the final time 7" = 5 we see, it gives much accurate result if we refine mesh
by decreasing its lengths. Here, we start simulation using mesh size Az = 0.5 and
finish our simulation after refining 8 mesh size and end-up with Az = 0.08333, we see
numerical solution gives much accurate result as mesh size becomes smaller, for each
simul;ation results are compared with exact Gaussian solution.

All simulation represents that, even after getting good appropriation result, some
times it is very critical to distinguish two solutions at a glance. To make accurate
comments from any simulation it is thus necessary to analyze the error of the scheme
to choose better scheme for simulation. Thus for the next section, we are going to
present, numerical error for the three different schemes where error will be calculated
by the L”— norm as

n 1/p
[v], = <sz |UZ|) ; VI<p<oo (2.3.2)

=1

2.3.1 Error Analysis

In above section we have shown simulations to show the importance for the grid
refinement and necessity to check the error to conclude the result is accurate. In this
sections, we are interested to check the error in each grid points, to get better accuracy
first suppose, we know the true solution (U™) at time ¢ = ¢,,. Let E” denote the error
in the calculation with time and space, that is in each grid point, as computed using the

exact solution. We suppose that E™ is a scalar, typically some norm of the error over

numerical Uexact) numerical ;

the grid points, i.e., " = Hu ’ where u 1s the numerical

solution vector and UCX2Cl is the true solution evaluated at each grid point by using
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Figure 2.5: Numerical solution for the diffusion equation 2.3.1 with D = 1, At =
0.0005, Az = 0.5 (top-left),. .., Az = 0.08333(bottom-right), results are compared
with Gaussian solution.

time steps and space steps. So, At each grid point there will be some error which is
important to check and now we are going to check error on the basis of L1, Ly and L
norm and we will observe the qualitative behavior of error on each grid point with grid
refinement to have better result.
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Ly, Ly and L,,— error by refining time steps and mesh sizes

We study the Lq, L, and L,,—norm to measure the error for the equation 2.3.1
different values of Az, At. For any vector v € R, Ly, L, and L., norm performed by
the formula as 2.3.2

n

loll, = Az ) o,

=1

" 1/2
lvlly = <A$Z \M) :
i=1

and,
HUHoo = maxlgign ‘vl’ .

Using, L; — norm we study mass error at the final time in each grid point and
see how it response after each grid refining. Using, L, — norm we are going to mea-
sure error to know at final time response and see how our simulation is differ from
exact solution at each final time. But, we also want the best fit to a specified numerical
response in an L., — norm sense rather than the L, sense. This minimizes the maxi-
mum error of the approximation. If the L., — norm of the error is small, then we are
guaranteed that the approximation to our desired solution response will lie within the
illustrated bounds.

We are interested first, to check the influence of the time step in the error for L,
Ly and L, sense. At each time step we have computed the errors starting at initial
time £y, = 0.01 up to the final time 7" = 5 for the computational simplicity we used
periodic boundary condition for the numerical simulation and result are compared with
Gaussian solution and accuracy table is presented in 2.1, 2.2 and 2.3 for the forward
Euler, backward Euler and Crank-Nicolson schemes respectively.

At Number of time steps (T-step) | L; — error | Ly — error | L, — error
4.0000e-02 1.2600e+02 6.4155e-03 | 1.0144e-02 | 5.2213e-04
2.0000e-02 2.5100e+02 3.4931e-03 | 5.5231e-03 | 3.0370e-04
1.3333e-02 3.7600e+02 2.5343e-03 | 4.0071e-03 | 2.3100e-04
1.0000e-02 5.0100e+02 2.0587e-03 | 3.2552e-03 | 1.9461e-04
8.0000e-03 6.2600e+02 1.7803e-03 | 2.8149¢-03 | 1.7276e-04
6.6667e-03 7.5100e+02 1.5947e-03 | 2.5215e-03 | 1.5819¢-04
5.7143e-03 8.7600e+02 1.4657e-03 | 2.3174e-03 | 1.4778e-04
5.0000e-03 1.0010e+03 1.3732e-03 | 2.1712e-03 | 1.3997e-04

Table 2.1: Estimated error for the diffusion equation 2.3.1 by refining time step At,
numerical simulation has been done by using Forward Euler scheme from initial time
to = 0.1 to the final time 7" = 5, where, x € [0, 40] and grid forms with step sizes
Ar=04and D =1
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At Number of time steps (T-step) | L; — error | Ly — error | L., — error
4.0000e-02 1.2600e+02 1.0248e-02 | 1.6204e-02 | 1.0390e-03
2.0000e-02 2.5100e+02 5.4882e-03 | 8.6776e-03 | 5.6109e-04
1.3333e-02 3.7600e+02 3.9168e-03 | 6.1930e-03 | 4.0226e-04
1.0000e-02 5.0100e+02 3.1356e-03 | 4.9579¢-03 | 3.2293e-04
8.0000e-03 6.2600e+02 2.6699¢-03 | 4.2214e-03 | 2.7535e-04
6.6667e-03 7.5100e+02 2.3608e-03 | 3.7328e-03 | 2.4365¢e-04
5.7143e-03 8.7600e+02 2.1422e-03 | 3.3872e-03 | 2.2101e-04
5.0000e-03 1.0010e+03 1.9783e-03 | 3.1280e-03 | 2.0403e-04

Table 2.2: Estimated error for the diffusion equation 2.3.1 by refining time step At,
numerical simulation has been done by using Backwar Euler scheme from initial time
to = 0.1 to the final time 7" = 5, where, x € [0,40] and grid forms with step sizes
Ar=04and D =1

At Number of time steps(T-step) | Ly — error | Ly — error | L, — error
4.0000e-02 1.2600e+02 8.2212e-03 | 1.2999¢-02 | 7.7820e-04
2.0000e-02 2.5100e+02 4.4450e-03 | 7.0282e-03 | 4.3194e-04
1.3333e-02 3.7600e+02 3.1865e-03 | 5.0383e-03 | 3.1643e-04
1.0000e-02 5.0100e+02 2.5632e-03 | 4.0528e-03 | 2.5865¢e-04
8.0000e-03 6.2600e+02 2.1960e-03 | 3.4722e-03 | 2.2398e-04
6.6667¢-03 7.5100e+02 1.9594e-03 | 3.0980e-03 | 2.0087e-04
5.7143e-03 8.7600e+02 1.7927e-03 | 2.8346e-03 | 1.8436e-04
5.0000e-03 1.0010e+03 1.6696e-03 | 2.6399¢-03 | 1.7197e-04

Table 2.3: Estimated error for the diffusion equation 2.3.1 by refining time step At,
numerical simulation has been done by using Crank-Nicolson scheme from initial time
to = 0.1 to the final time 7" = 5, where, x € [0,40] and grid forms with step sizes
Az =04and D =1

Figure 2.6 represents the comparison of numerical solution for three different schemes
and show the result in terms of L, , Ly and L.-error for the equation 2.3.1, error are
executed by the by the norm of £ that has been described at the first paragraph of this
section. We start simulation from time step At = 4e — 02 and end-up simulation with
At = 5e — 03, we see more smaller time steps produce more accurate result and under
the CFL condition, at each final time 7" = 5 with different time steps explicit forward
Euler scheme can track much accurately the exact solution than implicit schemes.

Figures 2.7 represents the accuracy result from Tables 2.1, 2.2 and 2.3 for for-
ward Euler scheme, backward Euler scheme and Crank-Nicolson scheme. We see L .-
error ensures that our simulation gives all solutions lies within the boundary which
satisfy the theory that we mentioned before.

Now we are interested to check the error by refining space steps. Previously in
Figure 2.5 we have shown an importance of refining mesh to get more better result. For
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Figure 2.6: From upper-left to bottom-right, comparison of numerical error at time
T = 51in Ly, Ly and L..-norm, obtained by explicit Forward Euler scheme, implicit
Backward Euler Scheme and implicit-explicit Crank-Nicolson schemes with the space
and time step, Az = 0.4 and At = 4 x 1072, ..., At = 5 x 1072 for the equation
2.3.1, T-step represents the number of time steps.

this region, we start refine mesh size Az, from 0.5 and end up refining at Az = 0.05.
The accuracy results in Table2.4, Table2.5 and Table2.6 are given for the error between
numerical and Gaussian solution for the equation 2.3.1 with diffusive parameter D = 1
for the forward Euler scheme, backward Euler scheme and Crank-Nicolson scheme,
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Figure 2.7: Comparison of numerical error at time 7' = 5 in Ly, Lo and L.,-norm, ob-
tained by explicit Forward Euler scheme (upper-left), implicit Backward Euler Scheme
(upper-right) and implicit-explicit Crank-Nicolson schemes (bottom) with the space
and time step, Az = 0.4 and At = 4 x 1072, ..., At = 5 x 1073 for the equation
2.3.1, T-step represents the number of time steps.

where we consider space, z € [0,40] and time, ¢ € [0, 5]. It shows that the implicit
backward Euler scheme is better than all others scheme. And comparison results are
plotted in Figure 2.8.

we deserve our error in each grid point is a scalar value for any time steps At > 0,
to avoid the time steps order concern we take our time steps by CFL condition, i.e:
At = 0.5 x Az? and simulate from initial time ¢, = 0.1 to the final time 7' = 5.
Figure 2.8 represents for the maximum space step Az = (.5 gives much bigger error
than the space steps Az = 0.01 in Ly, Ly and L., norm by the formula of E". Figure
3.1 represents that, all schemes gives satisfy the boundedness property in L, sense,
but from Figure 2.8 we conclude that, fully implicit backward Euler scheme is a best
choice to simulate the equation 2.3.1.
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Az Number of Cells (N) | L; —error | Ly, — error | Lo, — error
5.0000e-01 8.0000e+01 4.0329¢-02 | 5.7034e-02 | 7.6371e-03
2.5000e-01 1.6000e+02 4.0452e-03 | 8.0905e-03 | 5.7729¢-04
1.6667e-01 2.4000e+02 1.7874e-03 | 4.3783e-03 | 2.5483e-04
1.2500e-01 3.2000e+02 1.0035e-03 | 2.8384e-03 | 1.4301e-04
1.0000e-01 4.0000e+02 6.4188e-04 | 2.0298e-03 | 9.1424e-05
8.3333e-02 4.8000e+02 4.4555e-04 | 1.5434e-03 | 6.3452¢e-05
7.1429¢-02 5.6000e+02 3.2722¢-04 | 1.2243e-03 | 4.6601e-05
6.2500e-02 6.4000e+02 2.5049¢-04 | 1.0019e-03 | 3.5671e-05

Table 2.4: Estimated error for the diffusion equation 2.3.1, numerical simulation has
been done by using Forward Euler scheme from initial time ¢, = 0.1 to the final time
T =5, step sizes Axr = Atand D =1

Ax Number of Cells (N) | L; —error | Ly —error | L., — error
5.0000e-01 8.0000e+01 7.8707e-03 | 1.1131e-02 | 6.5597e-04
2.5000e-01 1.6000e+02 1.9078e-03 | 3.8156e-03 | 1.5411e-04
1.6667e-01 2.4000e+02 8.4336e-04 | 2.0658e-03 | 6.8016e-05
1.2500e-01 3.2000e+02 4.7352e-04 | 1.3393e-03 | 3.8118e-05
1.0000e-01 4.0000e+02 3.0280e-04 | 9.5753e-04 | 2.4342e-05
8.3333e-02 4.8000e+02 2.1018e-04 | 7.2809e-04 | 1.6898e-05
7.1429e-02 5.6000e+02 1.5438e-04 | 5.7763e-04 | 1.2408e-05
6.2500e-02 6.4000e+02 1.1817e-04 | 4.7270e-04 | 9.4949¢-06

Table 2.5: Estimated error for the diffusion equation 2.3.1, numerical simulation has
been done by using Backward Euler scheme from initial time ¢, = 0.1 to the final time
T =5, step sizes Ar = Atand D =1

Ax Number of Cells (N) | L; —error | Ly — error | L., — error
5.0000e-01 8.0000e+01 1.0425¢-02 | 1.4743e-02 | 1.2371e-03
2.5000e-01 1.6000e+02 2.5318e-03 | 5.0636e-03 | 2.9380e-04
1.6667¢-01 2.4000e+02 1.1194e-03 | 2.7421e-03 | 1.2936¢-04
1.2500e-01 3.2000e+02 6.2850e-04 | 1.7777e-03 | 7.2528e-05
1.0000e-01 4.0000e+02 4.0187e-04 | 1.2708e-03 | 4.6348e-05
8.3333e-02 4.8000e+02 2.7894e-04 | 9.6626e-04 | 3.2160e-05
7.1429¢-02 5.6000e+02 2.0487e-04 | 7.6655e-04 | 2.3616¢-05
6.2500e-02 6.4000e+02 1.5682¢-04 | 6.2728¢-04 | 1.8075¢-05

Table 2.6: Estimated error for the diffusion equation 2.3.1, numerical simulation has
been done by using Crank-Nicolson scheme from initial time ¢, = 0.1 to the final time
T =5, step sizes Axr = Atand D = 1
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Figure 2.8: From upper-left to bottom-right, comparison of numerical error at time
T = 5in Ly, Ly and L,-norm, obtained by Forward Euler scheme, Backward Euler
Scheme and Crank-Nicolson scheme with the space and time step, Az = At for the
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CHAPTER 3

NUMERICAL SIMULATION OF
POROUS MEDIA EQUATION

The aim of this chapter is to study numerical approximation of the nonlinear
diffusion equation
pr=A42("), v>1, (3.0.1)

and usually it is called the porous medium equation (PME), with due attention paid
to its closest relatives. The default settings are:p = p(z,t) is a non-negative scalar
function of space r € R? and time ¢t € R, the space dimension is d > 1, and 7 is a
constant larger than 1 and A represents the Laplacian form. The equation can be posed
forall z € R%and 0 < t < oo, and then initial conditions are needed to determine
the solutions; but it is quite often posed, especially in practical problems, in a bounded
sub-domain ) € R for 0 < t < T, and then determination of a unique solution asks
for boundary conditions as well as initial conditions.

This equation is one of the simplest examples of a nonlinear evolution equation
of parabolic type. It appears in the description of different natural phenomena, and its
theory and properties depart strongly from the heat equation, u; = Auw, its most famous
relative. Hence the interest of its analytical and numerical study is an important task
for both for the pure mathematicians and the applied scientists.

3.1 Self-similar solution of PME

For the equation (3.0.1), a solution of self-similar form can be recovered in a
similar way as for the linear diffusion equation. We therefore look for a solution of the
form in one dimension,

p(x,t) =tPp(xt™), ze€R, t>0 (3.1.1)

to the one-dimensional PME

43
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where, P(p) = p7, ~v> 1.
First of all, the conservation of the total mass easily implies

[ otz =72 [ jtareyae = [ apac

and therefore we have, 5 = «.
In the new variables p and ( = xt~*, we obtain,

at™H(p)e + 0T () e = 0,

which requires the choice

1
o= —-,
v+1
in order to get rid of the time variable. The above can be written as
e ¢?
0x(p0y w4 ———)) = 0. 3.1.3
(9(7_10 %7+D» (3.1.3)

In the domain where p > 0, we can impose

~y—1 -1
pP(Q) = (C = 57—=C),
29(y +1)
where, C' is any arbitrary constant. Clearly, the above gives problems in case, p be-
comes negative. Since, p = 0 on an interval solves the equation for p, we can introduce
the following solution

which in the original variables reads

—1 1
v . (3.1.4)

p(x,t) = B(x,t) = t+1[C — v+ 1) t2/7+1]+ ;

where, p; = max(p,0) and equation (3.1.4) is called Barenblatt solution. Such a
solution has compact support on the interval

e 279C(v+1) < p < toE 270(’}/%—1)7
v—1 - v—1

which grows as t grows. Moreover, it can be easily proven that B(.;0) is a multiple
of the Dirac delta distribution, exactly as it is the case for the Gaussian solution of the
linear diffusion equation. Analyzing the differences with the linear diffusion case, we
clearly see that the Barenblatt solution is not smooth, opposite to the Gaussian solu-
tion (G) to the linear diffusion equation, which is C*°. More precisely, the Barenblatt
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solution has possible lack of smoothness at the boundary of its support, where it even-
tually features discontinuities in a space derivative of a certain order depending on the
adiabatic exponent 7. At any other points, B is C*. A key difference between G and
B is that the support of G becomes unbounded immediately after ¢ = 0 (in finite speed
of propagation) whereas the support of B is compact for all times, it travels with finite
speed.

Figure: 3.1 represents the equation (3.1.2) for the different exponent v = 1,2,4,6, 8.
For v = 1, equation (3.1.2) represents just an one-dimensional diffusion equation, so,
for this we take initial value as a Gaussian solution at time, ¢ = 0.05 and time, ¢ = 10
shows the result for final time for the Gaussian solution, but for the rest of exponents
(), we take initial value as a Barenblatt solution at time, ¢ = 0.05 and time, ¢ = 10
shows the result for final time for the Barenblatt solution. For all v, we take boundary

condition as a homogenous Neumann boundary condition % =

3.2 Numerical Schemes

In this section we are going to present numerical schemes based on finite dif-
ference method. In particular, we consider two different kind of the implicit method
(pure implicit scheme and Crank-Nicolson implicit-explicit scheme) on an uniform
grid with the mesh size Az = h and time step At = k. In one dimension on an in-
terval [0, L] x [0,7] we define nodes x;,7 = 1;...;s such that z; = 0 and 2, = L.
We denote by p!* an approximation of a function p(z,t) at node x; at time t", where,
t € [0, 7] and for any function f(p) we denote f(p') = fI for simplicity. This nota-
tion is going to be used throughout the chapter. Since we know, in #— scheme, where,
6 = 1, scheme is called backward Euler scheme which is fully implicit scheme and
6 = 1/2, scheme is called Crank-Nicolson scheme which is implicit-explicit scheme.
We want to compare numerical error between theae two schemes and for this reason,
first we are going to present /— scheme for PME.

3.2.1 0— scheme
Consider the PME equation (3.1.2)

pr = P(p)e, Plp)=p", z€[0,L], 7>1

(x,0) = po(x), =z €0,L] 3.2.1)

Oz =0, (J],t) € [07 L] x [OaT]

We have to notice that in this case the presence of nonlinear diffusion compli-
cated the scheme. The system of linear equations in the previous case is replaced by
nonlinear one. It has to be solved at each time iteration, which increases computational
cost. We are going to use Newton method. It requires calculation of a Jacobian for a
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Figure 3.1: Comparison between Gaussian solution(when v = 1) and Barenblatt so-
lution (when v = 2,4,6,8) in time with Az = At = 0.1 and C = 1. When the
parameter 7y increases, the Barenblatt solution tends to vary more slowly than Gaus-
sian Solution inside its support, and it tends to be steeper near the interface of the
support.

s — 2-dimensional vector not only at each time iteration but also at each iteration in-
side Newton method until reaching the desired accuracy. To construct the scheme for
(3.2.1) we need at first space discretization of the diffusion terms. We are going to use
conservative, second order, centered discretizations. The approximation for diffusion
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is given at node z; by Using a forward difference in time and a central difference in
space for the equation (3.2.1),

1
o ™ 13 (P(pica) = 2P(pi) + P(pis1))- (3.2.2)

P(p)m

Introducing vectors W € R* such that

1
Wi(p) = ﬁ(P(pi—l) —2P(p;i) + P(piy1))
6 — scheme takes the form,
Pt = pt 4 QR 4 (1 — 9)kIV (3.2.3)

The above results in a nonlinear system of simultaneous equations, As mentioned be-
fore the presence of non linear stiff terms requires at each time step the solution of a
system of nonlinear equations. Let us define for every vector w € R®~2 a function

F(w) == w — 0kW™ — f(p"), (3.2.4)

where,
f(p") =p"+ (1 - kW™, (3.2.5)

which corresponds to finding p"*! at internal nodes, we use Newton’s method
initialized with w = p" and with tolerance Ax. In the case of Neumann boundary
conditions, 8”%’” = 0, we assume, Jp is (s — 2) X (s — 2) matrix, which can be
decomposed in the following way

Jig e e e e e T

Y AP

where, Jint ¢ M (s_4)x(s—2) and by Jy, J,_» we denote (s — 2)-dimensional vectors
being the first and last row of the matrix Jr . The elements of the internal part J nt
equal

T — NP (ps 1)

ii—1
T =1 4200, P'(p:)
J'Ll?il = —0XP'(pis1)
The vectors .J;, Js_o contain the information about the homogeneous Neumann bound-
ary conditions.
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3.3 Simulation

In the numerical point of view, solving non-linear PDE is based on iterative pro-
cess. There are several methods can apply to solve non-linear PDE, such as, bisection
method, line search technique, gradient search technique, Newton-Raphshon technique
etc. For our simulation we choose Newton-Raphshon method. In Newton method ini-
tial guessing is an important task to have faster convergence that we have described in
the first chapter. We study this case numerically for simple linear and non-linear case.
First we consider a linear function

f(z) =10z —1

The root of this function is 1/10. Figure 3.2 represents the importance of initial guess
for the Newton-Rapshon method. For this function, we see, if we choose initial guess
except —4 < z¢ < 4 with respect to tolerance € = le — 15, it takes one iteration. On
the other hand if we choose initial guess in between —4 to 4i.e, —4 < z(y < 4, say,
xog = —3, then it will take O iteration.

Figure 3.2: Graph of the function, f(x) = 10z — 1 (on the left), numerical solution (at
middle) and expected iteration for the convergence with respect to the initial guess (on
the right) for the Newton-Rapshon method

Now we consider a non-linear function
f(z) = 2* — 2sin(x)

The roots of this function are + ~ 0 and x ~ 1.40441. table 3.1 represents the 6
numerical results and the number of iteration for the convergence to the root for the
function, f(x) = z* — 2sin(z).

Figure 3.3 represents the plot of the table 3.1, also we see, for this non-linear
function, number of iteration iterations are varies on the basis of initial guess for both
two roots. If x4 is any number in (1,5) or in (0, 0.1), Newton-Rapshon method quickly
takes us to the root.

After solving the PME using Newton method, we are interested now to check the
error in each grid points for the exponent v > 1, to get better accuracy first suppose,
we know the true Barenblatt solution (B") at time ¢ = ¢,. Let E™ denote the error
in the calculation with time and space, that is in each grid point, as computed using
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’ initial guess, xg \ solution \ iteration
0.1 —1.1933e — 20 3
1 1.4044 )
1.4044 6
20 1.4044 8
—6 —1.3629¢ — 19 6
—20 —2.5665e — 19 8

Table 3.1: Numerical Results with Newton Rapshon method with respect to the toler-
ance, ¢ = le — 15

'
w0 14 1
12
10
' 1
3 ‘ o | 2 08 . 1 ;
g \ / H £
P \ / 3 o0s 2 g
\ y 4
x . s !
N 02
. ’ 2
s 0 . |
g E e DU I L L
x inta, 10 inis guess, 10

Figure 3.3: Graph of the function,f(z) = 22 — 2sin(x) (left), numerical solution
(middle) and expected iteration for the convergence with respect to the initial guess
(right) for the Newton-Rapshon method

the exact solution. We suppose that £™ is a scalar as same as chapter 2 that we did

for linear diffusion, typically some norm of the error over the grid points, i.e., £" =

H phumerical _ pexactH where phumerical ¢ the numerical solution vector and p€Xact

is the true solution evaluated at each grid point by using time steps and space steps.
So, At each grid point there will be some error which is important to check and now
we are going to check error on the basis of L, Ly and L., norm and we will observe
the qualitative behavior of error for the exponent v > 1 on each grid point with grid
refinement to have better result.

We first present some numerical results to show the effectiveness of the 6§ —
method. To do that, we begin our simulation for the Barenblatt solution of the PME
(3.2.4), where the initial condition is taken as the Barenblatt solution at ¢ = 1, and the
boundary condition is u,(L,t) = 0,z € [0, 25|, for,t > 1. We divide the computation
domain into N = 251 uniform cells, and plot in Figure 3.4, the density profile for
different exponents, v = 2, 3,4, 5,6 using space step Ax = 0.1 for both schemes.
All are compared with the Barenblatt solution. We see that both implicit schemes are
able to capture the location of the front correctly without noticeable oscillations near
the interface, but need deep insight to check the accuracy for the smooth part of those
solutions and decide which one is better for the approximation.

For this region, we choose the parameter of PME ~ = 2 and start refine mesh size
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Figure 3.4: Comparison of density profiles at time 7" = 50 obtained by Backward Euler
Scheme and Implicit-Explicit schemes with the space and time step, Az = At = 0.1
for the diffusion functions P(p?), where, v = 2,3,4,5,6 from upper-left to bottom.
The results are compared with the Barenblatt solution (+) with C' = 1.

Az, from 0.25 and end up refining at Az = 0.03. The accuracy table 3.2 and 3.3 are
given for the error between numerical and Barenblatt solution of PME (3.1.4) with ex-
ponent parameter v = 2 for the Backward Euler scheme and Crank-Nicolson scheme,
where we consider space, x € [0, 15] and time, ¢ € [0,5]. It shows that the implicit-
explicit Crank scheme is better than Backward Eular scheme. And comparison results
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Az Number of cells (N) | L; — error | Ly —error | L, — error
2.5000e-01 6.1000e+01 1.5416e-02 | 3.0831e-02 | 7.1334e-03
1.2500e-01 1.2100e+02 5.1063e-03 | 1.4443e-02 | 4.0416e-03
8.3333e-02 1.8100e+02 2.9964e-03 | 1.0380e-02 | 2.8521e-03
6.2500e-02 2.4100e+02 2.1197e-03 | 8.4787e-03 | 2.2205e-03
5.0000e-02 3.0100e+02 1.6323e-03 | 7.2997e-03 | 1.8279¢-03
4.1667e-02 3.6100e+02 1.3230e-03 | 6.4814e-03 | 1.5598e-03
3.5714e-02 4.2100e+02 1.1119e-03 | 5.8838e-03 | 1.3444e-03
3.1250e-02 4.8100e+02 9.6106e-04 | 5.4366e-03 | 1.1631e-03

Table 3.2: Estimated error for the PME, numerical simulation has been done by using
Backward Euler scheme from initial time ¢, = 0.2 to the final time 7" = 5, step sizes
At = Az, C' = 1 for the Barenblatt solution.

Ax Number of cells (N) | L; —error | Ly, —error | L, — error
2.5000e-01 6.1000e+01 1.2723e-02 | 2.5446e-02 | 6.6311e-03
1.2500e-01 1.2100e+02 1.7997e-03 | 5.0902e-03 | 3.6438e-03
8.3333e-02 1.8100e+02 9.4468e-04 | 3.2725e-03 | 2.5251e-03
6.2500e-02 2.4100e+02 6.6255e-04 | 2.6502e-03 | 1.9409e-03
5.0000e-02 3.0100e+02 4.5138e-04 | 2.0186e-03 | 1.5822¢-03
4.1667e-02 3.6100e+02 2.8306e-04 | 1.3867e-03 | 1.3395e-03
3.5714e-02 4.2100e+02 1.6583e-04 | 8.7747e-04 | 1.1441e-03
3.1250e-02 4.8100e+02 1.3369e-04 | 7.5625e-04 | 9.7886e-04

Table 3.3: Estimated error for the PME, numerical simulation has been done by using
Crank-Nicolson scheme from initial time ¢, = 0.2 to the final time 1" = 5, step sizes
At = Az, C' = 1 for the Barenblatt solution.

are plotted in Figure ??

“Using,L., — norm we are going to measure error to know at final time response
and see how our simulation is differ from exact solution at each final time. But, we
also want the best fit to a specified numerical response in an L., sense rather than the
L5 sense. This minimizes the maximum error of the approximation. If the L., — norm
of the error is small, then we are guaranteed that the approximation to our desired
solution response will lie within the illustrated bounds.

As mention before, If the L., —norm of the error is small, then we are guaranteed
that the approximation to our desired solution response will lie within the illustrated
bounds. Figure 3.7 represents the indivisual error for both schemes, where we can
see, both schemes satisfy this condition, but Figure ?? represents that Cran-Nicolson
scheme even more accurate than Backward Euler implicit scheme for PME.

We now pay more attention to the movement of the numerical interface, to check
whether the Crank-Nicolson schemes has the ability to capture the true interface ac-
curately. The position of the numerical interface is detected as follows: we scan the
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Figure 3.7: Comparison of density error at time 7' = 5 in L, and L,-norm, obtained by
Backward Euler Scheme (upper) and implicit-explicit Crank-Nicolson schemes (bot-
tom) with the space and time step, Ax = At for P(p?), N-represents the number of

cells.

numerical solution in the space x from 12.5 to 14, where x € [0, 15], and find the
right endpoint of this cell as the numerical interface. We plot in Figure 3.8 the evolu-
tion of the numerical interface and result compare with the Barenblatt solution, for six
different parameters v = 3,4, 5, 6, 7and, 8, at the final time 7" = 10. Here the solid
line is the position of the numerical interface, and the plus (+) is the position of the
exact interface evaluated by Barenblatt equation (3.1.4), This figure verifies that the
Crank-Nicolson schemes is very accurate at capturing the moving interface.
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Density profiles at time T=10 for P(p")
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Figure 3.8: At final time 7" = 10, right movement of the numerical interface for v =
3,4,5,6,7,and, 8 from initial time ¢, = 0.2 (left) and spatial scanning look of the
left figure (right), numerical results are obtained by implicit-explicit Crank-Nicolson
schemes with the space and time step, Az = At = 0.01. Results are compared with

Barenblatt solution (+)

Density profiles at time T=10 for P(p")
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APPENDIX A

MATLAB CODES

A.1 Mass execution

To* * % % % % % % % %k 5k % sk sk % 5k 5 %k ok 5 ok 5 % ok % ok ok %k ok % ok ok % ok %k ok ok %k ok ok ok ok ok ok Kok ok ok X
% Solving total mass for linear diffusion equation in
% the case for Periodic, Dirichlet and homoginious

% Nuemann Boundary condition.

Tlox * % % % % 5 % 5k %k ok s 5 % ok ok 5 ok ok ok sk 5k ok ok sk sk ok ok ok sk ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok

clc;

clear;

L =1; % Space Lenth;

tbar =0.05; % Initial time;

tfinal =10; %final time to find the Number of time
steps;

N = 100; % Number of space steps

dx =L/N; % Space Step

x = 0:dx:L;

D= 1; % diffusion constant

dt = dxxdx/D; % Time Step

theta =1; % Parameter for the Theta scheme

B = dt/dxx*dx;

x0 = L/2; % Space interval

% Numer of mesh

n = round(length (x/dx)—1);

% Setting initial matrix for numerical solution

u = zeros (N+1,round ((tfinal/dt)));

% Setting initial matrix for exact solution

U = zeros(N+1,round (( tfinal/dt)));

% Setting initial condition for the Numerical Solution
for i=1:n+1

54



27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

A.1. MASS EXECUTION 55

if ((0.4<x(1))&&x(1)<0.6))
u(i,:)=5;
else
u(i,:)=0;
end
end
%**************>I<>l<>I<>I<*****************************
% Diffusion matrix;

aa = —thetaxB;

bb = 1+2.xtheta=xB;

bbw =1—-2.xthetax*B;

cc = —thetaxB;

aaa = diag(aaxones(l,n) ,1);

bbb=diag (bbxones(1,n+1),0);

bbr = diag(bbwxones(1,n+1),0);

ccc = diag(ccxones(1,n),—1);

MMI= aaa+bbb+ccc;

MMr= —aaa+bbr—ccc;

o * % % s % 3 % sk 5k 3 3% % sk 5k 3 % sk 5k 3k 3 %k 5k 5k 3 % ok >k 3k 3 ok ok ok 3 %k ok ok 5k 3 ok ok ok 3 ok ok ok 3k ok %k >k k k% ok
% Boundary Conditions (B.C)
9%Nueman B.C;

% MMI(1 ,1)=1;

% MMI(1 ,2)=MMI(1,1);

%9 MMI(n+1,1)=1;

%9 MMI(n+1,n+1)=MMI(n+1,n);

% MMr(1,1)=1;

% MMr(1,2)=MMr(1,1);

% MMr(n+1,:)=1;

% MMr(n+1,n+1)=MMr(n+1,n) ;
%**************************************>I<>l<>l<>|<>|<>|<>l<>l<>|<>|<>|<>l<>l<>|<>l<>|<>l<
%Periodic B.C;

9 MMI(1,1)=MMI(n+1,n+1);

9% MMr(1,1)=MMr(n+1,n+1);
%*********>l<>l<>i<***********************************>I<>I<>I<>I<>i<>l<>|<
%Dirichlet B.C;

% MMI(1,1)=0;

% MMI(n+1,n+1)=0;

9% MMr(1,1)=0;

% MMr(n+1,n+1)=0;

o * % % sk > 3 % sk 5k 3 3% sk 5k 5k 3 % >k 5k 3k 3% sk 5k 3k 3% %k 5k 5k 3 5k 5k >k 3k 3 5k >k ok 3% ok 5k >k 3 ok >k >k %k % %k >k k kK k
% Tracking schemefrom the value of theta;

switch theta
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A.1. MASS EXECUTION 56

case O % When theta =0;
scheme=" explicit Euler ;

case 1 % When theta =1;
scheme=" implicit Euler ;

case 1/2 % When theta =1/2;
scheme=" Crank—Nicolson ’;

end
o * % % 5 % 3 %k 5k 5k sk 3% % ok 5k 3 % ok 5k 3k 3 ok 5k 5k 3 %k ok ok 3k 5k ok ok sk 3k ok ok ok 3k K ok ok ok % ok ok ok 3k ok ok ok ok k
for ii= l:round(tfinal/dt)% Time Evaluation Loop;
% Numerical approximation;
if theta==1/2
u(:,ii+1)=MMI\MMr+u (:,ii); % Crank—Nicolson Scheme

elseif theta ==
u(:,ii+1)=MMN\u(:,ii); % Backward Euler Scheme;
end
T = tbar+ii*xdt; % Time interval for exact solution
% Exact solution
U(:,11+1) = sqrt(tbar/(T))*xexp((—(x—x0).72)/(4xD«T));

o7
Y% u(l,l)=u(l1,2); u(n,n+1)=u(n+1,n+1); % Nuemann B.C;
% u(l,ii)=u(n+1,i1i); % Periodic B.C;

% u(l,ii1)=0; u(n+1,11)=0; % Dirichlet B.C;

end

ss =zeros(1,round ((tfinal/dt))); %Initialize for the mass
matrix ;

for j=1l:round(tfinal/dt)
ss(:,j) = sum(abs(u(:,j))*dx);

end

% Ploting Total Mass ;

figure (1) ;

grid on

plot(ss, — , LineWidth’ ,1)

ylim ([0 21);

xlabel ("time ) ;

ylabel (" total mass’);

clc;
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A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION

57

A.2 Error execution for the linear DE equation

By time step refining

>k sk soste st sk s sk sk sk sk skosk sk sk sk sk sk skosk sk skok skt skokeskokosk sk

o * % % % 5k % 5k % 3 sk 5 sk 5 5k 5k 5k 5k 5k ok 3 5k 5 ok 5k ok 5k ok ok 3k ok 3 ok 5 ok K ok ok 3k ok 3k ok ok K ok K ok ok K ok K ok

% Executing error in different time steps
% for the linear diffusion equation
% in the case of ||L_1||, |[|L.2|| and ||L_{\infty }||

% using periodic boundary condition. Initial condition

% has been taken as Gaussian solution at the initial
% time $t_.0=0.05%.

o * % % % 5 % 3 %k 5k 5k sk 3% % ok 5k 3 % ok 5k 3k 3 5k >k 5k 3 % ok ok 3k 3k ok ok sk 3k %k ok ok 3k K ok ok ok 3 ok ok ok 3k ok %k k ok k

clc;

clear;

L = 40; % Maximum lenth

tbar =0.05; % Initial time

tfinal =10; % Final time to find the Number of
time steps

n =100; % Number of space steps (fixed)

dx =L/n; % Space step

x = 0:dx:L; % Grid points in space

D =1; % diffusion constan

theta =[0 1 1/2]; % Parameter for Theta scheme
CFL =1;

SX =CFLxdx."2/(D); % Initial mesh

% Refining time steps

dt = [SX/2 SX/4 SX/6 SX/8 SX/10 SX/12 SX/14 SX/16];
% Loop start for executing simulation for each time
for k=1:8

step

% Loop for taking three different parameter for the Theta

scheme
for kk =1:3
B =Dxdt(k) ./(dxxdx);
x0 = L/2; % Space interval

%number of time steps for each refinened time step
TT(k)=round (( tfinal/dt(k)+1));

% Setting initial matrix for numerical solution

u = zeros(n+l,round ((tfinal/dt(k)+1)));

% Setting initial matrix for exact solution

U = zeros(n+1,round (( tfinal/dt(k)+1)));

% Loop start for initial condition (I.C)

for 1 =l:n+l
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A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION

u(i,

tbar));
U(i,

tbar));
end % end of the loop for I.C
u(l,:)=u(n+1,:); P%Set initial
Gox * ks xkkkkxxx et diffusion matriX skokskskoskoskoskoskokoskosk ok ok sk ok kR ok ok ok
aa = —theta (kk)xB;
ax = B;
bb = (1)+2.xtheta (kk)=xB;
bx = (1)—-2xB;
bbw =(1)—2.xtheta (kk)x*B;
cc = —theta (kk)xB;
cx = B;
aaa = diag(aaxones(1,n),1);
bbb=diag (bbxones (1 ,n+1),0);
bbr = diag (bbwxones(1,n+1),0);
ccc = diag(ccxones(1l,n),—1);
aax = diag(ax*xones(1l,n) ,1);
bbx=diag (bx*xones(1,n+1),0);
ccx = diag(cx*xones(1l,n),—1);
MMI= aaa+bbb+ccc;
MMr= —aaa+bbr—ccc;
MMx = aax+bbx+ccx;
% set B.C in diffusion matrix
MMI(1,1)=MMI(n,n+1);
MMr(1,1)=MMr(n,n+1);
MMx(1,1)=MMx(n,n+1);
Dok x xxxkxkkkkkxxend of diffusion matrix sk skskskskoksksk sk

% Tracking scheme from the parameter of theta

SwWit
case

1) = sqrt(1/(4*pixDxtbar))xexp(—((x(i)—x0).72)/(4+Dx

1) = sqrt(1/(4*xpixDxtbar))*xexp(—((x(i)—x0)."2)/(4xDx

ch theta (kk)
0 % when theta =0;

scheme=" explicit Euler ;

casc

1 % when theta =1;

scheme=" implicit Euler ;

casce

1/2 % when theta =1/2;

scheme=" Crank—Nicolson ’;
end % end of switch loop

%% * x
Yo * *
for

K sk sk 3k sk 3k sk K sk K sk 3k sk sk sk sk K sk K sk 3 sk 3k sk sk sk sk sk sk 3 sk 3k sk sk sk sk sk sk 3k sk o sk ok sk ok
sokskokskokokkok Numerical SOTutlon sk sk sk sk sk sk ok sk ok sk ok ok ok ok o ok % %
% Time Evaluation

ii= l:round(tfinal/dt(k))
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A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION 59

if theta(kk)==1/2
u(:,ii+1)=MMI\(MMrsu (:,ii));% execute Crank—
Nicolson schme
elseif theta(kk) ==
u(:,ii+1)=MMI\(u(:,ii)); % execute backward
Euler schme
else
u(:,ii+1)=MMxx(u(:,ii)); % execute forward
Euler schme
end

<

T(ii) = tbar+(i1)=*xdt(k); % Time interval for exact
solution
% Exact Gaussian solution
U(:,1i+1) = sqrt(1/(4xpixD«T(ii)))*exp(—((x—x0)."2)
[(4%xDxT(i1)));
% Set B.C for
u(l,ii+l) =u(n+1,i1i+1);
U(l,ii+1) =U(n+1,1i1+1);
end

%************ETTOT CX@CUtiOl’]>l<>l<***********************

errorll =0; %set initial error for L_1 norm

errorl21=0; %set initial error for L_2 norm

difference=zeros(n,1);

% Loop for error execution

for j=1:n—1

% solution difference in each grid point between exact
and nuerical solution

differencel =abs(U(j,round(tfinal/dt(k))) ...

—u(j,round(tfinal/dt(k))));

difference (j) =abs(U(j,round(tfinal/dt(k)))...

—u(j,round(tfinal/dt(k))));

errorll= errorll+sum(differencel xdx) ;% Error in L_1 norm

errorl21= errorl21 +...

sqrt(sum(differencel ."2%xdx)); % Error in L_2 norm

errorl23 = max(difference); 9% Error in L_infinity norm

end %end of loop for error execution

Tox xxxkxkxx SAVING  All  ©TTOTS skokokskoskskokskok sk stk ok skok ok ok skok ok skok ok skok ok
if kk==1 % Error for forward Euler scheme
prl(k,:)=[dt(k) TT(k) errorll errorl21 errorl23];
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A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION

elseif kk==2 % Error for backward Euler scheme

pr2(k,:)=[dt(k) TT(k) errorll errorl21 errorl23];

else % Error for Crank—Nicolson scheme

pr3(k,:)=[dt(k) TT(k) errorll errorl21 errorl23];

end

end % end of the loop for tracking difference scheme

‘%****************************************************

% Plot the result by using saved data

% for example plot the result for L_2 error with

% respect to each time step step, plot by the following
code

figure (1)

grid on;

plot(pr2(:,1),pr2(:,4), —«", MarkerSize ,10);

xlabel (\ Delta x")

ylabel ('L 2—error )

legend (°Backward Euler’,’Location’,’ best’)

% to see its log—log scale, plot by the following code

figure (2)

loglog(pr2(:,1),pr2(:,4), —* , MarkerSize  ,10);

xlabel ("\ Delta x7)

ylabel ("L 2—error ")

legend (°Backward Euler’,’Location’,’ best’)

end

clc;

By space step refining
sk sk sk st sk ke sk sk sk sk sk sk sk sk sk sk st sk ke sk sk sk skeoske sk sk sfeske sk skeske sk sk skske sk

o 5k 3 x5k 3k 3k K ok K 3k ok ok ok K oK ok K oKk K oK K Kk K KK K K K Kk K KR K K K KKK K K Kk K KR K
% Executing error in different space steps

% for the linear diffusion equation

% in the case of ||L_1||, |[|L.2||] and ||L_{\infty }||
% using periodic boundary condition. Initial condition
% has been taken as Gaussian solution at the initial
% time $t_0=0.18%.

ok * % % % % % % s % ok % ok ok 5 ok s ok ok 5 ok sk ok ok 3 ok ok %k ok 3 ok ok ok sk ok ok ok ok ok ok ok ok Kok ok ok ok ok
clc;

clear all;

L = 40; % Maximum lenth

tbar =0.1; % Initial time

tfinal =5; % Final time to find the

% number of time steps



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION 61

D =1; % Diffusion constan
theta =[0 1 1/2]; % Parameter for the theta scheme
SX =1; % Initial space step
cfl=0.5;
dx =[SX/2 SX/4 SX/6 SX/8 SX/10 SX/12 SX/14 SX/16 SX/18...
SX/207; % Space refining
for k =1:8 % Simulation loop for refining grids
for kk=1:3 % Loop for the Theta scheme
x=0:dx (k) :L; % Space Lenth
dt(k)=cflxdx(k) ... % Time steps
xdx (k) ;
B = Dxdt(k) ...
/(dx(k)."2);
x0 = L/2; % Space interval

% Numer of mesh

n(k) = round(length(x/dx(k))—1);

% Setting initial matrix for numerical solution

u = zeros(n(k)+1,round ((tfinal/dt(k)+1)));

% Setting initial matrix for exact solution

U = zeros(n(k)+1,round ((tfinal/dt(k)+1)));

Do **xx*xx*xxx Setting 1nitial condition skkskokkskokkkkkx

for 1 =1:n(k)+l1

u(i,l) = sqrt(l/(4xpisDxtbar))*xexp(—((x(1)—x0).72) /(4 *Dx
tbar));

U(i,l) = sqrt(1/(4*pixDxtbar))xexp(—((x(i)—x0).72)/(4+Dx
tbar));

end

o % % s sk 5k 5k 3 % % % sk ok ok 3k 3 K K ok ok ok ok ok KoK K ok ok ok ok ok KK K K ok ok kK kK oK % ok ok Kok

Do *xxxkxkkx Setting diffusion matriX skkskskskokskok ok kokokk

aa = —theta (kk)x*B;

ax = B;

bb = 1+2.xtheta (kk)*B;
bx = 1-2%B;

bbw =1—-2.xtheta (kk)x*B;
cc = —theta (kk)x*B;

cx = B;

aaa = diag(aaxones(l,n(k)),1);
bbb=diag (bbxones(1,n(k)+1),0);
bbr = diag(bbwxones(1,n(k)+1),0);
ccc = diag(ccxones(1l,n(k)),—1);
aax = diag(ax*xones(1l,n(k)),1);
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A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION 62

bbx=diag (bx*xones(1,n(k)+1),0);

ccx = diag(cx*xones(1l,n(k)),—1);

MMI= aaa+bbb+ccc;

MMr= —aaa+bbr—ccc;

MMx = aax+bbx+ccx;

MMr(1,1)=MMr(n(k) ,n(k)+1);
%*************************************************
% Tracking schemefrom the value of theta
switch theta (kk)

case O

scheme=" Forward Euler ;

case 1

scheme=" Backward Euler;

case 1/2

scheme=" Crank—Nicolson

end

o *xxxkkxxkkkkx Numerical approximation sk ks ks

for ii= l:round(tfinal/dt(k)+1) % Time Loop

if theta(kk)==1/2 % Execute Crank—Nicolson scheme

u(:,ii+1)=MMI\ (MMr*u (:,ii));

elseif theta(kk) ==1 % Execute backward Euler scheme

u(:,ii+1)=MMI\(u(:,ii));

else

u(:,ii+1)=MMxx(u(:,i1)); % Execute forward Euler scheme

end

T = tbar+(ii —1)xdt(k); % Time interval for exact solution

% Exact solution

U(:,1i+1) = sqrt(1/(4%pixD«T))xexp(—((x—x0).72)/(4*DxT));

% Setting B.C for numerical solution

u(l,ii+l) =u(n(k)+1,ii+1);

end

%****>|<***>I<***>I<>I<>(<>l<>l<>I<>I<>(<*********************************

% plot the result for each refining space step at the
final time

figure (k)

plot(x,U(:,round(tfinal/dt(k)+1)), r—",x,u(:,round(tfinal
/dt(k)+1)), LineWidth’ ,1) % Result comparision
with exact solution

xlabel ("x7)

ylabel (" Solution )
legend (’exact solution’, numerical solution’)
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A.2. ERROR EXECUTION FOR THE LINEAR DE EQUATION 63

title (strcat(’\Delta x =", num2str(dx(k))))

% Error execution
errorll =0; % Initial L_1 error
errorl21=0; % Initial L_2 error
differencel=zeros(n(k),1);

for j=1:n(k)—1 % loop for error execution

% Distance between exact and numerical soluion
differencel (j) =abs(U(j,round(tfinal/dt(k))) ...
—u(j,round(tfinal/dt(k))));

errorll=errorll+sum(abs (U(j,round(tfinal/dt(k))) ...
—u(j,round(tfinal/dt(k))))*dx(k)); % L_1 error
errorl23 =max(differencel); % L_{\infty} error
errorl21 = errorl21+sqrt(sum(abs(U(j,...
round(tfinal/dt(k)))—u(j,...

round (tfinal/dt(k))))."2xdx(k))); % L_2 error

o % % % 5k 5 3% 5k sk ok sk 3 ok sk ok 3 ok ok ok 3k 3k ok ok ok 3k ok ok ok 3k ok ok ok ok 3k ok ok ok sk ok ok ok ok 3k ok sk ok ok ok ok ok ok ok
% Save all errors

if kk==

prl(k,:)=[dx(k) n(k) errorll errorl21 errorl23];
elseif kk==2

pr2(k,:)=[dx(k) n(k) errorll errorl21 errorl23];
else

pr3(k,:)=[dx(k) n(k) errorll errorl21 errorl23];
end

end

end

o * * % % 5k % 3% ok sk >k 3 3 ok 5k sk 3 ok ok 5k 3 % ok 5k 3k 3 ok ok sk 3k ok ok ok 3k %k ok ok ok %k ok sk ok 3k ok ok ok 3k ok %k ok ok %
% Plot the result by using saved data

% for example plot the result for L_1 error with

% respect to space step, plot by the following code
figure (1)

grid on;

plot(prl (:,1),prl1(:,3), —«", MarkerSize  ,10);
xlabel ("\ Delta x")

ylabel ("L _l—error )

legend (’Forward Euler’,’Location’,’ best’)

% to see its log—log scale, plot by the following code
figure (2)

loglog(prl (:,1) ,prl(:,3), —% , MarkerSize’  ,10);
xlabel ("\ Delta x7)
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A.3. ERROR EXECUTION FOR PME 64

ylabel ("L _I—error )
legend (°’Forward Euler’,’Location’,’ best’)

end
clc;

A.3 Error execution for PME

Tk % % % % %k % % s % ok % ok ok 5 ok s ok ok 5 ok sk ok ok o ok ok %k ok 3 ok ok ok sk ok ok ok sk okok ok ok Kok ok ok Kok ok
% Executing error in different space steps

% for the PME in the case of ||L_1||, ||L.2|| and ||L_{\
infty }||

% using homogeneous Nuemann boundary condition. Initial
condition

% has been taken as Barenblatt solution at the initial
% time $t_0=0.29%.

%

T 5 s s sk sk sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok kR ok K
clc;

clear all;

L =15.0; % Lenth of Space Domain

t_initial =0.2; % Initial time

tfinal =5; % Final time to find time

step

% Input to choose adiabatic exponents

gamma =input(’ value of \gamma:’);

miu =L/2; % Space interval

SX =0.5; % Initial space step

% Refining space step

dx =[SX/2 SX/4 SX/6 SX/8 SX/10 SX/12 SX/14 SX/16 SX/18 SX
/120];

theta=[1 1/2]; % Parameter to choose
scheme

% Loop start for executing simulation for each time step

for k=1:8

% Loop for taking three different parameter for the Theta

scheme
for kk =1:2
x =0:dx(k):L; % Grid points in space

N(k)=round (length (x/dx(k))); % Number of mesh
dt(k)=(0.1)*xdx(k); % Time step
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tSteps(k) = round(tfinal/dt(k)); % Final time step

% set up initial mtrix for the numerical solution

rho=zeros (N(k) ,tSteps(k));

% set up initial matrix for the exact solution

rho_ex=zeros (N(k),tSteps(k));

Joset up initial condition

for 1=1:N(k)

if abs(x(i)—miu) <= t_initial ."(1/(gamma+1))*(sqrt(2x*

gammax [ x...
(gamma+1)/(gamma—1)) ) ;
rho(i,l)=max(t_initial."(—1/(gamma+1)) (1 —((gamma—1)/(2x
gamma * . . .

(gamma+1)))*(x(1)—miu) . "2/ t_initial ."(2/(gamma+1))) ...
. (1/(gamma—1)) ,0) ;

rho_ex(i,l)=rho(i,l);

end

end

% finite difference heta scheme

rx =dt(k)/(dx(k)*dx(k));

p = theta(kk)x*xrx;

d = zeros(N(k),1);

J = zeros(N(k) ,3);

w = zeros (N(k) ,1);

%>I<>I<>I<>I<>I<>I<>|<>|<EXElCt SOlUtiOl’l>|<>|<>|<>|<>|<>|<>|<************************>I<

for n=1:tSteps(k)—1 % Time loop

t = t_initial +(n)xdt(k);

for i=1:N(k) % Spatial loop

if abs(x(i)—miu) <=t. " (1/(gamma+1))*(sqrt(2+xgammax1x*...

(gamma+1)/(gamma—1)));

rho_ex (i,n+1)=max(t.”( —1/(gamma+1))*(1 —((gamma—1)...

/(2*gamma * . ..

(gamma+1)))*(x(i)—miu) . 2/(t). " (2/(gamma+1))) ...

“(1/(gamma—1)) ,0);

end

end

%*****>i<>l<>!<*>i<>i<>1<>!<*>i<>l<>)<>l<*>i<*********************************

% Tracking scheme

switch theta (kk)

case 0 % When theta =0;
scheme=" Forward Euler scheme’;
case 1 % When theta =1;

scheme=" Backward Euler scheme’;
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e case 1/2 % When theta =1/2;
o scheme=" Crank—Nicolson scheme’;

70 end

n % at x = 0 take advantage of symmetry

7 d(l) = 2.0x rx *x ( —rho(l,n)"gamma + rho(2,n) "gamma) ;

1 % Set up initial Jacobian matrix

uw J(1,1) = 1.0;

5 J(1,2) = 1.0 + 2%xgamma * p * rho(1l,n)"(gamma—1);

s J(1,3) = —gamma * p * rho(2,n)"(gamma—1);

71

s for 1=2:N(k)—1 % spatial loop

7 d(1) = rx * ( rho(i—1,n)"gamma — 2.0xrho(i,n) "gamma +...
so. tho(i1+1,n) gamma ) ;

81

22 % Set up Jacobian matrix

s J(i,1) = —p *gammaxrho(i—1,n) " (gamma—1);

so J(1,2) = 1.0 + 2%xgamma * p *x rho(i,n) (gamma—1);
ss J(i,3) = —p *xgammaxrho(i+1,n) " (gamma—1);

s end

v % at x = L take advantage of symmetry

ss d(N(k)) = 2.0xrx*(—rho(N(k),n)” gamma + rho(N(k)—1,n)"
gamma) ;

9 % Set up end boundary condition of Jacobian matrix

w J(N(k),1) = —gamma * p * rho(N(k)—1,n)"(gamma—1);

a J(N(k) ,2) 1.0 + 2%xgamma x p x rho(N(k),n) " (gamma—1);

o J(N(k),3) = 1.0;

i3 % solve using Newton—Rapshon

a W = Newton_solve(J, d);

s % update free surface

6 tho(:,n+1) = rho(:,n) + w;

o7 end

o T solution storage

o 1f kk==

w rho_im =rho;

o else

w2 rho_cr =rho;

03 end

104

05 % Error execution

ws errorll =0; % Initial L_1 error
w errorl21=0; % Initial L_2 error

s differencel =zeros(N(k) ,1);
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for j=1:N(k) % Spatial loop for error
differencel (j) =abs(rho(j,tSteps(k)) ...
—rho_ex(j,tSteps(k)));

difference =abs(rho(j,tSteps(k)) ...
—rho_ex(j,tSteps(k)));

% L_1 error
errorll=errorll+sum(differencexdx(k));

% L_2 error

errorl21 = errorl2l+sqrt(difference."2xdx(k));
% L _infinity error

errorl23 = max(differencel);
end

% Saving errors
if kk==

prl(k,:)=[dx(k) N(k) errorll errorl21 errorl23];
else

pr3(k,:)=[dx(k) N(k) errorll errorl21 errorl23];
end

end

o7

C

% Plot the result by using saved data

% for example plot the result for L_1 error with

% respect to space step, plot by the following code
figure (1)

grid on;

plot(prl (:,1),prl1(:,3), —x", MarkerSize’ ,10);
xlabel ("\ Delta x7)

ylabel ("L_1—error )

legend (’Forward Euler’,’Location’,’ best’)

% to see its log—log scale, plot by the following code
figure (2)

loglog(prl (:,1) ,prl(:,3), —x , MarkerSize’ ,10);
xlabel ("\ Delta x")

ylabel ("L _1—error )

legend (’Forward Euler’,’Location’,’ best’)

end

end

clc;
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