Applied Partial Differential Equations (MathMods)
Exercise sheet 5

Laplace and Poisson equations:

e Do the following exercises from Salsa’s book [1]: 3.1, 3.2, 3.6, 3.8, 3.9.

In addition, do the following exercises:
1. Let 1
u(z) = —, z € R3.
||

(a) Show that Au = 0 in R*\{0}.

(b) Compute
I= / u ds.
jal=p O

Does this result contradict the fact that |, 90 % dS = 0 for each har-
monic function u in Q7
(¢) Cousider the problem:
Au =0, in |z > 1,
u=1, at |z| = 1.
Find, at least, two solutions.
(d) If, in addition, we impose the condition u(x) — 0 as |z| — 400, use
the maximum principle to show that such solution is unique.
2. Let G(z,y) be the Green function for the ball Br(0) C R?, d > 2, with
R > 0. Prove that
oG |z|? — R?
ll =V,G(z,y) 1=
on, (z,y) = V,G(z,y) -7

for any « € Br(0), y € 0Br(0), where 7 is the unit outer normal at Br(0).
The function

waR|z — y|d,

oG R% — |z|?
K(z,y) = _Tny(x’y) = ma

is known as the Poisson kernel for the ball Br(0) C R?.
3. Let Q = {a1 < |z| < as} C R4, d > 2, where az > a; > 0. Suppose u is
harmonic in 2. Let us define:

1
1 = T a1 x> ) .
(p) wgp?—1 /xl_p“(ﬂf) ds. p € (a1, a2)

Show that I(p) has the form
a+pp? d=3,
1) =4
a+ Blogp, d=2,

by finding the constants « and § as functions of I(aq) and J; := flwlzal g—z dSy.
Use the fact that

/ u(z) 0% (z,0) Bz, 0) Ou(x)
(a1 <|z|<p) on, Ong

dS; =0,

1



where ® = ®(z,y) is the fundamental solution:

f%log|xfy|, d=2,
O(z,y) = . .
ey 2P
for x,y € RY, x £ y.
4. Consider the problem:
Ay =, x €,

with Q = {z = (z1,72) € R? : |z| < 1}, subject to boundary conditions of

the form
u=1, at my = +\/1—22, |z1| <1,
ou R 5
—=Vu-n=1, at xo = —/1—x%, |1 <1,
on

where 7 is the outer unit normal to the disc.

u=]27

Au=Tm

X

Vuen =1

If there is a solution u € C2((), is it unique? (Hint: Use the energy
method.)
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