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1. BASIC FACTS OF FOURIER TRANSFORM

Fourier transform in multi-D is defined by

F(k) = 71 z)e * Ty
F09 = Gy [ fw)e

where k -z =1 | kiz;.

We list here a series properties of Fourier transform without proof,
(1) (02, )" (k) = ik; f(k), and (9° )" (k) = il |k f (k)
(2) (xf)"(k) = i0, f (k), and (2 f)" (k) = il*10* f (k)
(3) flz —a)(k) = e f(k)
(4)
(5)

4) (FON)E) = 0 F), VA £ 0,
(

A
5) (f % 9)" (k) = (2n) % f(k)g(k)
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1 2a
V2 k2 +a?’
1

E/Re_alw‘(cos(xk) — isin(zk))dx

V2r Jr

2 i 1 2a
= — e “cos(zk)dr = ———.

= (e = it a2

Example 1. For z € R, the Fourier transform of e~ is

~ 1 .
flk) = — [ e alelemimkgy =

1 2
Example 2. Fourier transform of Gaussian e in 1-d is ﬁe*%. More general case in multi

dimension is VA > 0

n

2 2 1 |2
(e N k) = [T ) (ki) = e o7
]-:[ (24)=
The inverse Fourier transform can be formally given by
o 1 .
= — k)™ dk.
f@) = Gy [ S0

1
Example 3. The inverse Fourier transform of \—Ee*"”zt can be obtained in the following discus-
s

sions. Let
I(z) = f(z) = L/ ieilkl%‘/ei’”alkz _2 /OO e’k%cos(xk)dk.
V2T Jr V2T 27 Jo
We know from [} eV dy = g that
1

On the other hand, differentiate I(x) once and do integral by parts, we have

I'(x) + 2 I(x) = 0.

Therefore, by solving this ODE, we have

I(z) =

e 1t
2v/ 7t

2. CAuCHY PROBLEM

The initial value problem of heat equation is
uy — Au = f(x,t), xeR™ t>0, (2.1)
ult=o = ug(x). (2.2)

2.1. Solution formula of the problem. We will find the formal solution of Cauchy problem by
Fourier transform. Take Fourier transform in z for equation (2.1) and its initial variable (2.2),

iy + k>0 = f(k,t), keR"t>0,
fifemo = tig(k).

This ODE problem is easy to solve by Duhamel formula with solution

t
a(k,t) =e_|k|2t1l0(k)—|—/ e~ WP C=7) (ke 7)dr,
0
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Now taking the inverse Fourier transform and using its property for convolutions, we have

1 122 1 ||

t
u(z,t) = @ e ar xug(w )+/0 me = * f(x,7)dr

1 le—yl? Le—y[2
_ £y )d s ,T)dydr.
(47rt)2/ ¢ uo y+/ /n dm(t — 7)) e F(y, m)dydr

One can get formally the solution of (2.1)(2.2) by Fourier transform.

1

t |22
,t = —e” 41 * T 4(t T) % d
u(z,t) 0% e uo(z +/() (=) e f(z,7)dr

1 lz—y|® lz—yl®
- Tt d + = A=) T) 5 dyd s
(4mt)= /Rne uo dy / /w dm(t — 7)) 56 Iy, 7)dydr

It can be seen from here that the function, so called heat kernel
1 ||
Kz, t) = ——F5e 3t | 2.3
1) = gt (23)
is very important in getting the solution of heat equation. Actually, the solution can be written in
the following form

w3

u(z,t) = K(x,t) * ug + /01 K(x,t —7)* f(x,7)dr. (2.4)

which is called Poisson formula.
Now take f = 0, let’s understand the property of u(z,t) given by Poisson formula.

Theorem 2.1. f =0, if ug is a bounded function in C(R), then u(z,t) given by (2.4) is a bounded
classical solution of (2.1)(2.2).

Proof. Tt is easy to see that Vt > 0, u(z,t) = K(x,t) xug(x) is infinitely differentiable. Another fact
is that

—AK =0, Vt>0.
From these, we can obtain u; — Au =0 in R"™ X (0,00). Now we are left to prove Vag € R",
HJE&M u(w,t) = uo(wo).

By changing of variables, we have

@1) = — [ e )
L T
1 .
= — e M ug(z + 2vtz)dz

T2 JRn

Since ug is bounded, this integral is uniformly convergence in x and ¢. Now taking limit inside of
the integral implies that
1 2
li t) = — —lz| dz = )
w—>a:3,r{l—>0+ u(z,t) — / e ug(zo)dz = uo(xo)

O

1 z—y|?
Remark 2.1. Some basic properties of solution u(z,t) = (ant)? / et uo(y)dy can be obtained
) 2 n
directly from this formula.

(1) If ug is periodic (or odd, or even) in z, then so is u(z,t).
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(2) Infinite speed of propagation. If up(x) > 0 has support in a small domain, say g C R™,
u(x,t) is positive everywhere in R™.
(3) Infinite differentiability of u(z,t) for ¢ > 0.

Now we consider the inhomogeneous equation with homogeneous initial data.

—Au=f inR"x(0,+0) (2.5)
’U,|t:0 = 0.

The solution is

t t
1 .
u(w,t) = /o - K(x —y,t—s)f(y,s)dyds = /0 m /n e ‘4“ 9 f(y, s)dyds.

Theorem 2.2. If f € C*1(R" x [0,00)) and has compact support, then u € C*H(R™ x [0,00)) is
the solution of (2.5).

Proof. By the regularity of f, we have

u(x,t)

/ RHK(y, 8)(fe = Af)(x —y,t — s)dyds + K(y, t)f(x —y,0)dy

// // R,LK% t)f(x —y,0)dy :== J. + I. + L.

We deal with the right hand side term by term,

721 < (1fillz= + 1D L) / / K (y, 5)dyds < <C.

I. = / K(yas)(ft_Af>(aj_y’t_s)dyd3
Rn

/ (0s - S =y t=s)dyds+ | K(y.e)fle—yt=e)dy— | KlyH)f(@—y.0)dy

A K(y,e)f(x —y,t —e)dy — L.

Thus we have

— Au = lim K(y,e)f(x —y,t —e)dy = f(x,t), Vt>O0.

e—0 Rn

and

t
et =| [ [ Ko)ft = vt s)dyds| < tlflum. ast o,
0 R’Vl

Remark 2.2. By superposition principle for linear equations, we have
t
uet) = [ K- ytiuody+ [ [ K=yt -9 5)dyds
R 0 Jrn
is the solution of

—Au=f, uli=—o = uo.
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2.2. Fundamental solution. Before introducing the fundamental solution, let’s give a basic un-
derstanding of Delta function, which was mathematically defined as a distribution. But we will not
give a definition here. For those who are interested, please check the detail in the appendix for
distributions. Apart from the mathematical definition, we can understand Delta function as a limit
of those functions whose integral is 1 and whose limit is +o0o at z = 0, 0 at = # 0. For example,
such functions can be taken as follows.

1 «
Example 4. Heat kernel K(x,t) = 5 e~ 0(z) ast — 0+.

7t

/ K(z,t)de =1 and V¢ € C§°,
R

/ K (2, t)¢(x)dx = / L s avi)dy — 6(0).
R ’ —00 \/E

by dominated convergence.

2 |nz| <1,
Example 5. Q,(z) = { S :nx -1

/ Qn(z)dr =1 and V¢ € C§°,
R

— () as m — oo.

[ @@otwyiz = [ Zowar = (0.

3=

sin(n + 1)

Example 6. Dirichlet kernel D, (x) = =1+2)7_,coskx — 2m6(x) as n — oo .

n £
s1n2

/ D, (z)dx =27 and V¢ € C§°,
R

s ™

sin(n + 1)

D, (2)(x)di = / o(x)dx — 2m(0),

—T —Tr

nx
SIH2

which can be proved by using Riemann’s lemma and similar argument to the proof of Fourier inverse
transform we did for L' N C* functions in the appendiz.

Next we give some motivations in defining fundamental solutions. Formally, the right hand side
function f(x,t), the heat source, can be represented by, Vt > 0

fan)= [ "ot nacar

which means that f(z,t) can be treated as a summation of §(x — &, t —7) f(&, 7)d€dr, the point heat
source. Then we can expect that if K(x,t;£,7) is the solution of uy — Au = §(x — &, ¢t — 1), then
K(x— &t —7)f(&, 7)d&dT is the solution with point heat source. Then we can imagine that in the
case of heat source f(x,t), the solution is

u(x,t):/n /OOOK(xf,tT)f(f,r)dfdr.

Basically, the fundamental solution of heat equation is to find the temperature distribution with a
point heat source at (&, 7).

Definition 1. K(z,t;¢,7) = K(z —&,t—7) is called the fundamental solution of heat equation.
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Let Q@ =R"™ x (0,00). V(&,7) € Q. K(x,t;&,7) is a solution (in the sense of distribution) of the
following Cauchy problem
u—Au = d(x—&t—1),
u|t:0 = 0

For an introduction of distribution, the readers are referred to appendix.

Remark 2.3. We also know that K (z,¢;&,7) is a solution of
up — Au =0, Ve e R",t > T,
Ult=r = 0(x = §).
Some properties of fundamental solution
(1) K(z,t;&,7) >0 for ¢t > 7.

(2) K(z,t;¢,7) = K(§ t;2,7).
(3) Ve e R™, t > T,

/ K(z,t;¢,7)d¢ = 1.

(4) YV, £ e R™" t > T,
(0r — Dg)K (2, 8€,7) =0
(0r + Ag)K(w,t;€,7) =0

(5) If p(x) is a bounded continuous function in R™, then
Jim [ K@, 58,0)9(§)dE = ¢().
(6) K(z,t;&, 1) is infinitely differentiable and 3M > 0 s.t. in the case of ¢ > T,
M
(t—7)%"
Remark 2.4. There is another derivation of fundamental solution instead of using Fourier transform.
Once can check this method in Evan’s book.

(K (z,£:¢,7)| <

2.3. viscous Burger’s equation-Cole Hopf transformation in 1950’s. In 1950’s Cole and
Hopf found a transformation independently to reduce the viscous Burger’s equation into a heat
equation. This transformation is now called Cole-Hopf transformation. Then by using the funda-
mental solution of heat equation, an exact solution of viscous Burger’s equation can be obtained.

Viscous Burger’s equation is

Ut + UUy = EUgy, zeR,t>0.

which can be rewritten into

1
Up + (§u2 — 6uw) =0.

This formula means that the 2 — D vector valued function (—u, %UQ — euy) is curl free. Therefore,

there exists a potential ¢(z,t) such that

1
Y = —u, Py = 5“2 — EUyg.
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So ¥ solves the equation
1
= 51/1925 + ey
Now a way to avoid the quadratic term is using a new function ¢ such that ¢ = g(p) with relation

g to be determined later.

Ve =g (), V2 =09(9)Pa, Vax=7"(0)(02)* + 9'(¢) Pz

Then the equation for ¢ is
1
9 (P)lpr — 0] = [5(9'(9))* + 29" (9)](¢)*,
Now we choose g such that the right hand side vanish. g(s) = 2clogs, then the equation for ¢
reduce to heat equation,
Yt — EPzz = 0.
Then the relation between u and ¢ is
U= —Py = 9P
¥
which is called the Cole-Hopf transformation.
The initial data for u(z,0) = ug(x) is transformed into

wolx) = exp{ - /w uo(z)dz}, a € R.

o 2e

If L
ﬁ/a up(z)dz — 0, as |z] — oo,

Then the Cauchy problem for ¢ has a unique smooth solution,

p(a,t) = \/%Et /_J:o wo(y) eXp{ - %}dy.

Changing back to the original variables, we know that the Cauchy problem for viscous Burger’s
equation has solution

/+oo T Y o(y) eXp{ — M}dy

t 4et
u(z,t) = =—= c

/+(>o ®o(y) eXP{ - M}dy

o 4et

3. HALF SPACE PROBLEM AND ITS GREEN’S FUNCTION

The main purpose of this section is to give a first insight on how to build up a Green’s function
on general problem.
Consider the problem

U —Uge = 0, x€(0,400),t>0
im0 = ¢, x € (0,+00) (3.1)
u|x=0 = 0, t>0.

We want to find a function G(z,t,&,0) such that the solution of (3.1) can be represented by

) = [ " O, 6, 0)p()de.



8 BY LI CHEN

The important thing here is that we must make sure the solution satisfies boundary condition
u|z=p = 0. V€ € (0,400), if the initial data is 6(z — &), we need to find the odd extension of it, i.e.
—d0(z + &) to balance the boundary condition. Now we can choose the initial data is

o(z — &) —d(x +¢),

and solve the Cauchy problem with this initial data. Since the problem is linear, our the solution
should be

K(z,t;€,0) — K(x,t; —£,0).

Thus the Green’s function for half space problem (3.1) can be chosen to be

G(x,t:€,0) = K(z,1:€,0) — K(z,t;=¢,0),
and the solution of (3.1) is expected to be u(x,t) = / G(z,t;€,0)p(&)dE.
0

oo
Theorem 3.1. ¢ is a bounded smooth function on (0, +00) and ¢(0) = 0, u(z,t) = / G(z,t;€,0)p(€)dE
0
is the solution of (3.1).

The proof of this theorem is easy...

Remark 3.1. For inhomogeneous problem

Ut —Uge = f, x€(0,400),t>0
Umo = . x€(0,400)
u|w:0 = 0. t>0

The formal solution is

ula, 1) = /0 G, 1:€,0)p(€)de + /0 dr /0 G, t:€,7) (€, 7)dE.

Remark 3.2. Similarly, one can find the Green’s function for half space problem with homogeneous
Neumann boundary condition.

4. INITIAL BOUNDARY VALUE PROBLEM

Heat equation with initial boundary value problem in 1-d space variable is

U — Uz = f, x€(0,1),t>0,
=0 = ¢. z€(0,1), (4.1)
Ulp=0 = Ulp=1 = 0. t>0.

The method of separation of variable is easy to be applied here. It was Fourier who first used this
method to solve heat equation, which was the beginning of Fourier analysis.



HEAT EQUATION 9

4.1. Separation of variable. First by solving the eigenvalue problem
X"+XX =0, z€(0,1)
X(0)=X(1) =0,
We have that
A = (n7r)27 X,, =sinnwz.

Then if the solution u(z,t) has form

= Z T, (t) sinnmz,
n=1
T, (t) will solve the initial value problem of an ODE

T, + (nm)°T,, = falt),
T.00) = on,

where

1 1
fa(t) = 2/ f(z,t) sinnrzde, On = 2/ o(z) sinnrade.
0 0

This ODE problem has a solution

t
Tn(t) _ e_(nﬂ)2t()0n +/ e—(n7r)2’(t—7-)Jcn(7_)d7_7 n=1,2---
0

Thus our formal solution for problem (4.1) can be written as

00 t
t) = Z sin nmx (67(””)2%0” + / 67("“)2(t77)fn(7)d7'). (4.2)
n=1 0

A natural question is to ask under which condition is (4.2) a C%1((0,1) x (0, 00)) solution. Left to
reader...

Basic properties of the solution of heat (or more generally, parabolic) equation,
“Infinitely differentiable inside of the domain”. It is mainly due to the exponential decay in time
t > 0. More precisely, V(z,t) € (0,1) x (0,00), for any nonnegative integer k, [, the solution given
by (4.2) is (k + I)-differentiable at (z,¢). For example, in the case of f = 0, we know that

ktly, oo
0 mkatl Z nm )2 e () in(nrr + I%T)

The discussion for the case f # 0 is the same, but the formula is a bit mass, we omit it here.

4.2. Energy estimates. We will give the energy estimate for initial boundary value problem of
heat equation in multi-dimension. €2 is a bounded open subset of R™. Let Qr = Q x (0,7).

—Au = f, (x,t) € Qr,
ulimg = . TE€Q, (4.3)
u|aQ = 0. t>0.
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Theorem 4.1. Ifu € C*Y(Qr)NC(Q7) is a solution of problem (4.3), then IM > 0 depends only
on T, s.t.

S lu(, )l 20 + VUl 2@y < MlellLz@) + 1 fllL2@r)- (4.4)

Proof. Multiplying the equation by u and integrating it in );, doing integral by parts, we have

1 1 t t
f/qux—f/ @2dx+/ /|Vu|2da:dt:/ /fudxdt.
2 Q 2 Q 0 Q 0 Q

Young’s inequality gives

t t t
/qu:v—&—Q/ /|Vu|2dxdt§/ /qu:vdt—i—/gonas—i—/ /fzdxdt
Q 0o Ja 0o Jo Q 0o Jo

Then (4.4) can be obtained directly from Gronwall’s inequality.
O

Remark 4.1. The discuss on uniqueness and stability of solution by energy estimates is similar to
what we have done for wave equation.

Remark 4.2. For homogeneous Neumann boundary condition u-v|gq = 0, where y be the unit outer
normal vector of 0f2, the energy estimate is similar.

Remark 4.3. For nonhomogeneous boundary condition, i.e. ulgn = ¥p, one can try to homogenize
it or just use u — ¥ p as test function.
5. MAXIMUM PRINCIPLE

2 is a bounded open subset of R”. Let Qr = Q x (0,7 and the parabolic boundary of Qr be
0pQr = QA x{t=0}U0Q x (0,T]. Lu = uy — Au.

5.1. Weak maximum principle.

Theorem 5.1. If u € C*Y(Qr)NC(Qr) and Lu < 0 in Qr, then the mazimum of u in Qr must
be achieved on O,Qr, i.c.

max u(x,t) = max u. 5.1
na (2,1) = max (5.1)

Proof. We first assume Lu < 0 in Qp. If (5.1) is not true, which means 3(z,ty) € Qr s.t.

u(xo, to) = maxu(x,t),
Qr

then we know that Vu(xg,tg) = 0, Au(xg,to) < 0 and us(xg,tg) > 0. Thus,
f(xo,to) = Lu(zg,to) > 0,

which is a contradiction with the assumption Lu < 0.
If Lu is non-positive. Ve > 0, we will use auxiliary function v(z,t) = u(z,t) — et. Now

Lv=Lu—ec=f—-e<0.
By the conclusion we obtained above, we have

max v = max v.
Qr 0pQr
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Going back to the variable u, it gives

maxu(z,t) = max(v+et) < maxv+eT
Qr Qr Qr

< maxv+eT = max(u—et) + T

pQT pQT
< maxu+eT.
9, Qr
Let € — 0, we have (5.1). O
By the same discussion or just let v = —u, we will have

Corollary 5.1. If Lu > 0, then

minu(z,t) = min u.
Qr apQT

Furthermore,

Corollary 5.2. If Lu = 0, then both mazximum and minimum of u are achieved on the parabolic
boundary.

Now we will have the very useful tool, the comparison principle, as a corollary
Corollary 5.3. If u,v € C**(Qr) N C(Qr), Lu < Lv and uls,0, < v|o,qr, then
u(z,t) <wv(z,t) in Qr.

5.2. Dirichlet Boundary Condition. The initial boundary value problem of heat equation with
Dirichlet BC

us — Au = f(x,t) in Qr
uli=0 = ¢(x) (5.2)
ulog = g(x,1).
Theorem 5.2. If u € C>1(Qr) N C(Qr) is a solution of (5.2), then
r%ax lu| < FT + B, (5.3)

where F' = maxg,, |fl, B = max{maxq ||, maxsqox o, 9]}

Proof. We will use comparison principle and introduce auxiliary function w(x,t) = Ft+ B+ u(x,t).
It is easy to check that

Lw=F+f>0,
wlo,0r > Ft+ B+ gla,op > 0.
By comparison principle, corollary 5.3, we have w(z,t) > 0 in Q7, which implies
|lul < FT + B, in Qr.
O

This maximum estimate can be used to prove the uniqueness and stability of classical solutions.

Corollary 5.4. C%>1(Qr) N C(Qr) solution of (5.2) is unique.



12 BY LI CHEN
Corollary 5.5. C*Y(Qr) N C(Q7) solution of (5.2) is stable in the following sense. If ui,us €
C?1(Q7) N C(Qr) are solutions separately with data @1, f1,91 and o2, f2, g2, then

%axlm —ua| < ||f1 — fallocT + |lo1 — ¥2]lc + |91 — 92 00-
T

6. PROBLEMS
(1) Find the formal solution of the following problem by Fourier transform
i0u+ Au=0, (z,t)€R" x(0,+00),
uli=o =g(z), ze€R™
(2) (a) Find the formal solution of the following problems
ug — Au+2u = f(x,t), (x,t) € R" x (0,00),
ult=0 = p(x), r € R™

U — Uge +xu =0, (x,t) € R x (0,00),
ult=o = @(x), x €R.

up = a*ugy, (z,t) € (0,4+00) x (0, 0),
ult=o = 0, z € (0, +00),
um|w:0 =-1, t>0.

(3) Find the Green’s function of half line problem

Ut — Uy = f, x€(0,400),t>0,
Um0 = ¢, x€(0,+00),
u$|w:0 = 0, t>0.

And give the formal solution formula of this problem.
(4) Q is a bounded open subset of R, @ = Q x (0,T]. If u € C*1(Q) N C(Q) is a solution of
the following initial boundary value problem,
ug — Au = f(z,t), (z,t) €Q,
uli=0 = ¢(z), x € Q,
u|3Q =1.

Try to prove there exists a constant C' (depends on T and Q] = [, dz) such that the
following inequality holds

T T
sup /uz(x,t)dm—l—/ /|Vu|2dxdt§0(/ <,02dx+/ /fzdxdt—i—l).
0<t<T Ja o Jo Q 0o Jo

(5) Find the formal solution of the following problem by using separation of variable
U = a% gy, (z,t) € (0,1) x (0, 00),
7"‘|t:O = 12(1 - lL’), S (Oa 1),

Ug|lo—o = U|z=1 =0, ¢>0.



HEAT EQUATION 13

(6) Q is a bounded open subset of R", Qr = Q x [0,T). ¢(z,t) > —co with constant co > 0. If
u € C(Qr) N C%1(Qr) satisfies

up — a?Au+c(x, t)u <0, (x,t) € Qr.
u|apQ <0.

ct

Try to prove that v < 0 in Q. (Hint: try to use auxiliary function e~ )
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7. *APPENDIX: SHORT REVIEW OF FOURIER TRANSFORM AND DISTRIBUTION
The contents in appendix is not required in this course. I list it here for those who are interested.

7.1. Fourier transform. Let’s remind first the Fourier series, Vf € L'(—1,1), which is defined by

Ao > nwT
f(z) ~ 5 —|—ZA COST+B smT)

where

l
An:%/ f(x)cosnlﬂdx, n=20,1,2,---
—

1/
:7/ f(x)sin—m;xda:, n=12,--.
-1

Let

N
SN ZA cos——i—B smnlﬂ).

Theorem 7.1. (Convergence in L? norm,)

lim ||f —Snllz2 =0, for L*(=1,1).
N—oo

Theorem 7.2. (Bessel inequality) For f € L*(—1,1), it holds
A2 o~ A2 2 2
i Z (A2 + B?) < f dz.

Theorem 7.3. (Parseval’s equality) For f € L?(—1,1), it holds

2 o0
4 (A%2 4+ B?) = z/ f2dx.

n=1

By Euler formula, we can change the items in summation into

+B

A, cosnl —i—anm%

Thus the Fourier series can be rewritten into

> s NTXE ]. l ynTxT
) NZane’ T ap, = Sl/lf(m)eﬂ U dx

i.e.

1= /! Cinmy o
a2 [ fwe e
=/

Now let k = %, the formula is
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These formal computations will give the motivation of Fourier transform on R.

Definition 2. Vf € L'(R), its Fourier transform is defined by

f(k)

)6_ikxd.’L',

“ g L

A result which can be obtained directly from the definition is f(k) € L®(R), i.e.
< —=Ilfllzs.

fol= o= [ " f)e e v

So by definition, Fourier transform is a continuous linear mapping from L' to L>°. Moreover, if
f =0, then [|f[|zee = [z

Theorem 7.4. If f € LY(R), then f(k) is uniformly continuous in R.

ez

Proof. (For those who are interested) Ve > 0, 3A > 0, such that

1 / €

L 2\fldz < <

V21 Jjz>a e =51
\2me

VO < h < —————, we have
4A[| f] 2
\f(k+h)— f(k)| = ek [e=iTh _ 1]dg
= [ Afldet —— / |- 1£1d
7 . .
\/% |z|>A
11
% "2

Remark 7.1. Similarly, one can define Fourier transform in multi-D case, Vf € L%(R"),

o 1 .
k) = _ —zk‘md
F4) = G [ )
where k -z =" | k;z;. It is also a continuous linear mapping from L!(R™) to L*>°(R").

We list here a series properties of Fourier transform here without proof,
(1) (B2, )" (k) = ik; f(k), and (9° )" (k) = il |k f (k)

(2) (@) (k) = 0k, f(k), and (z*f)" (k) = iI*10* f (k)

3) flz—a)(k )—61‘“’]11“( )

(4) (f(Ax))"(k) = N () VA#O.

(5)

(
5) (f*g)"k) = (2m)% f(k)é(’f)

1 2
Example 7. Fourier transform of Gaussian e~ in 1-d is ﬁe*%, More general case in multi

dimension is VA > 0
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The inverse Fourier transform can be formally given by

2 1

r) = —7x e .
f@) = oy [ S0

Theorem 7.5. If f € L'(R) N CY(R), then

lim T
N—o0o (27T) 3

N ~ .
/ Fk)edk = f(z).
N

Proof. (For those who are interested) We know that f(k) is uniformly bounded and continuous in
k € R, by the definition of Fourier transform, we have

;é/N f(k)e™*dk
- L)

f —zkydyezkzdk
_ 1 etk(z—y)
- o _OO(/_N k) £ (v)dy

where
/N eika=y) gy — oSN @ = y),
-N r—y

This is similar to the Dirichlet kernel, one can expect that the whole integral will converge to f(z)
as N — oo. Next we will prove it in detail.
Change variable © = y — x gives

1 N ikx
7(271_)% /_N f(k)e™™dk
_ l/ smN(a:—y)f(y)dy:%/ f(z—i—m)SandeZ

T J oo -y

Now we should separate the integral on R into two parts I; = /
|z|<M >
be determined later. In the next, we will estimate I; by Riemann’ lemma, and estimate I by 1/M.

Ve > 0, choose M = %
e

and I, = / , where M to
|z|>M

, we have

1 sin Nz
B=2 [ fern) <l =
|z|>M

| ™

The way to estimate I is by using

from which we know that 3N > 0 s.t.

\f(:”)/MN 20— fw)] <

3
™ _MN < 4
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Now I is
1

hoo ”/IzISM Jero)
L[ e - f) fa) [ sinN
= /||<M sin Nzdz + /<M dz

z s z

1 1 c
= —/ / f’($+TZ)dTSindeZ+M/ Mdz
e |z|<M JO - s -

/ o0 i N
7||f (12 / sin Nzdz + 7]‘(33) / i Zdz
i lz|<M T Jzlgm 7

By Riemann’s lemma, we know dN; > 0 s.t. when N > N7, we have

/
M/ sin Nzdz < E.
T Jlzl<m 4

in N
sin Zdz

<

Fourier transform for L? functions
Theorem 7.6. If f € L'(R) N L3(R), then f € L*(R) and
£l 2y = 1] L2y

Furthermore, f — f has a unique extension to a continuous, linear map from L2(R) to L2(R) which
18 1sometry.

Proof. ¥f € L' N L2, Ve > 0, consider

/ |7 (k) 21" .
R

By the definition of Fourier transform, we have

/|f 2e e gk = — ///f S e L T

/ —ek? gik(z—y) g — (e™* ) (z — y), by Fubini theorem, the above integral is
R

—= | [ e @ ey

1 ~(3%2)? g
— Fld(===) =1
\/7?/]1{6 (2\/5) )

by theorem ??, we have for f € L2,

We know that

V2r

Since

_(z— y)

E/}R \/§5 f(y)dy — f(z) strongly in L*(R).

lim/|f(k)|ze*€|k‘2dk:/|f\2d:z:.
e—0 R R

Then monotone convergence shows f € IL? and

12 = 11f1lzz-

Thus,
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If f € L? but not in L' N L?, since L' N L? is dense in L?, there exists {f;} C L' N L? such that
Ifi = fllz = 0.

On the other hand, since Fourier transform is linear, we have
1fj = fmllze = [1fj = fmllze = 0, as j,m — oo

Hence, {fj} is a Cauchy sequence in L2. L? is complete, so 3g € L? such that fj — ¢ strongly in
L2,
Now we define f = g then we have

1Fllzz = Yim || fyllzz = lim | f5]lz2 = || f]|z2-
j—o0 j—o0
Continuity and linearity are left for reader. O

Remark 7.2. Fourier transform can be extended for LP in similar way, and

2 1
[fllze < Cp, DI fllzes = +§—1

7.2. Distribution and weak derivative. () is an open subset of R".
7.2.1. Distribution.

Definition 3. Test function space D(2) consists of all the functions in C§°(€2) supplemented by
the following convergence: ¢, — ¢ € C§°(Q) iff

(1) 3 a compact set K C Q such that suppg,, C K, Vm.
(2) Va multi-index,

sup | 0%, — 0%¢| — 0. (m — o).
k

Remark 7.3. D() is a linear space.

Definition 4. Distribution is the dual space of D(Q?). i.e. is a continuous linear functional on D().
we denoted it by D'(2). Namely, T : D(Q2) — C s.t.

(1) (T, apr + Bd2) = (T, ¢1) + B(T, ¢2)
(2) If ¢ = @ in D(Q), then <T, ¢m> — <T, ¢>

Remark 7.4. Tt is usually nonsense to multiply two distributions, since it is not well defined.

Remark 7.5. A distribution multiplied by a smooth function can be defined by the following, T' € D',
f € C*, then

(T'f,¢)=(T.f¢), VoeD.

Remark 7.6. The support of a distribution and convolution of two distributions can be also defined
with the help of test functions, since we will not use these in our course, we omit the detail here.

Example 8. L] () C D'(Q).
VfeL.(Q),TreD(Q) is defined by

(T, ¢) = /f 2)dz, V¢ € D(Q).

Remark 7.7. Similarly, L7 (Q) C D'(Q). And L} (Q) C L] (Q), Vg < p.



HEAT EQUATION 19

Theorem 7.7. L} . functions are uniquely determined by distributions. More precisely, Vf, g €
L} () and
foda = [ gode.  vo e D(@),
Q Q
Then f =g a.e. in Q.
The proof is left to the readers.
Example 9. Probability distribution on R is a subset of D'(R).
For any probability distribution P, Tp € D'(R) is defined by
Tr.6) = [ o@iP.  v6e D),
R

Example 10. § function.
Delta function §(x) is defined by

(0,0) = ¢(0),  Vé€D(Q).
Remark 7.8. § ¢ L}

loc*

Proof. If not, there exists f € L} . s.t. V¢ € C§°

loc
6.6)= [ sod.
R

12

Now we choose g, (z) =< © e na] <1, Then on the one hand, we have
0 |nx| > 1.
<5a ¢n> = ¢n(0) = 6717
on the other hand, since f € L} ,
/ fondr = / f(ac)e\"w\ltl dr — 0, n— oco.
R lo|< %

Contradiction. 0

In the following we will show some sequences which converge to d-function in the sense of distri-
bution, to have more understanding of J-function.

1 2
Example 11. Heat kernel f;(z) = e .

2/t

N

/ fi(x)dz =1 and V¢ € C§°,
R

/ Ful@)b(x)de — / T L i vy — H(0).
R —00 ﬁ

by dominated convergence.

|nz| < 1,
0 |nz|>1. "~

N[

Example 12. Q,(z) = {

/ Qn(z)dr =1 and V¢ € C§°,
R

[ @@= [ ’

|3

¢(x)dz — ¢(0).

3=
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sin(n + 1)z

Example 13. Dirichlet kernel D,,(z) = =1+2% ), coskx.

M x
Sin 3

/ D, (z)dx =27 and V¢ € C§°,
R

s T

sin(n + 1)z

Dy (2)6(x)d = / b(x)dz — 276(0),

3 T
- sin £

2

—T

which can be proved by using Riemann’s lemma and similar argument to the proof of Fourier inverse
transform we did for L' N C' functions.

7.2.2. weak derivative of Distributions. The definition of weak derivative is enlightened by integral
by parts, if f € Ct, V¢ € C5°, we have

/Q 8;fodr = — /Q foipda.

Definition 5. VT € D'(2), 0;T is defined by

(0.T,¢) = —(T,0:i¢), ¢ € D).

Since —0;¢ € D'(12), we know that 0;T is well defined. One can define the higher order derivative
in the same way, « is a multi-index,

(0°T, ¢) = (—1)1*(T,0°¢), ¢ € D).

Remark 7.9. According to this definition, we know that all distributions are infinitely weakly dif-
ferentiable.

Example 14. The derivatives of d-function. V¢ € D

<6/7¢> = _<6’ ¢/> = —¢/<0),
(6™ ¢y = (~=1)F(8, 0y = (=1)F P (0),

1, >0

Example 15. The derivatives of Heaviside function H = { 0 <0 "
, oz

V¢ €D

(H'0) = ~{H,6) = - [ &@)ds = 0(0) = (5.0
0
Also enlightened by integral (changing variables), we can give the translation of distributions.

Definition 6.

(T(z = a),¢(z)) = (T'(x), ¢(z + a)).

For example, d,(z) = §(x — a) is defined by

(0, 0(x + a)) = ¢(a)
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7.3. Tempered distribution and its Fourier transform.

Definition 7. Schwartz class function S(R™), (Rapidly decreasing function)
S(R™) = {¢ € C*(R™)|sup |[z790%¢| < 400,V multi-index «, v}

We call a sequence {¢,;} C S(R™) convergent to ¢ € S(R") if

sup |270%(¢; — ¢)| — 0,V multi-index a, y

We will use the notation

Then the properties of Fourier transform are
(Do) = kjo(k), (2;0)" = —D;¢.
Theorem 7.8. If ¢ € S(R™), then ¢ € S(R™)

Proof. Yo,y multi-index, we know from Fourier transform that
. A .
kD7) = (D*((-06()) = [ D (~a) o)) d
]R’n
By taking sup in k,

“DY o ((—=x)"o(x))|dx
sip|k’ DY¢(k)|] < (2m)? /]R" |D (( )7 o( ))|d
< %Csu (1+ |x|)"+1\D“((—x)7¢(x))| < +00,

2m)E .
1

here C' = —_dx.
v g (L [z

Definition 8. Dual space of S(R™) is called tempered distribution S’(R™).
Remark 7.10.
DR™) C S(R™), S'(R™) c D'(R™)
Definition 9. VT € §'(R"), its Fourier transform is defined by V¢ € S(R™),
(T, ¢) = (T, ¢)
Example 16. § = 1

(2m)%
Vo € S(R™), by definition,

(6,¢) = (6,0) = (0) =

R )
. 2m)% Jan
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